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Abstract. We give an explicit geometric formula for the twisted orbital in-
tegrals using the method of the hypoelliptic Laplacian developed by Bismut.
Combining with the twisted trace formula, we can evaluate the equivariant
trace of the heat operators of the Laplacians on a compact locally symmetric
space. As an application, we use our formula to compute the leading term in
the asymptotic expansion of the equivariant analytic torsions for a compact
locally symmetric space.
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Introduction
The purpose of this paper is to give an explicit geometric formula for the semisim-
ple twisted orbital integrals associated with the Casimir operator on symmetric
spaces, which extends a result of Bismut for semisimple orbital integrals [12, Chap-
ter 6]. For that purpose, we adapt the method of the hypoelliptic Laplacian de-
veloped by Bismut [12]. This method produces a family of hypoelliptic differential
operators which interpolates in the proper sense between the Casimir operator on a
symmetric space and the generator of the geodesic flow. This way, we can localize
the evaluation of the twisted orbital integrals near one particular geodesic segment
in the symmetric space, then we apply the techniques of local index theory to get
the final formula.
As an application of our formula, we consider a sequence of flat homogeneous
vector bundles Fd, d ∈ N on a compact locally symmetric space Z, and we eval-
uate the leading term in the asymptotic expansion as d → +∞ of the equivariant
Ray-Singer analytic torsion associated with Fd. Bergeron and Venkatesh [7] have
considered the asymptotic behavior of the Ray-Singer analytic torsion of locally
symmetric spaces under finite coverings. Mu¨ller [50] initiated the study of the
analytic torsion for symmetric powers of a given flat vector bundle on hyperbolic
manifolds. Also Bismut-Ma-Zhang [16, 17] and Mu¨ller-Pfaff [51] studied the case
where one considers a sequence of flat vector bundles associated with multiples of
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a given highest weight defining a unitary representation of the compact form of G.
Here, following the ideas in [17, Section 8], we will be concerned with the asymp-
totics of the equivariant Ray-Singer analytic torsion for Z. A similar problem has
already been considered by Ksenia Fedosova [30] using methods of harmonic analy-
sis on the hyperbolic spaces [31]. In this paper, we will exploit instead our explicit
formula for twisted orbital integrals.
Let us now give more details on the content of this paper.
0.1. Real reductive group and symmetric space. Let G be a connected real
reductive Lie group with Lie algebra g, and let θ ∈ Aut(G) be a Cartan involution.
Let K be the fixed point set of θ in G. Then K is a maximal compact subgroup of
G. Let k be its Lie algebra, and let p ⊂ g be the eigenspace of θ associated with
the eigenvalue −1. The Cartan decomposition of g is given by
(0.1.1) g = p⊕ k.
Put m = dim p, n = dim k.
Let B be a G and θ-invariant nondegenerate bilinear form on g, which is positive
on p and negative on k.
Let Ug be the enveloping algebra of g, and let Cg ∈ Ug be the Casimir operator
associated with B.
Let X = G/K be the associated symmetric space. Then the projection p :
G→ X is a K-principal bundle. The bilinear form B induces a Riemannian metric
gTX on X with nonpositive sectional curvature. Let d(·, ·) denote the Riemannian
distance on X.
If (E, ρE) is a unitary representation of K, then F = G ×K E is a Hermitian
vector bundle on X. Moreover, Cg descends to an elliptic operator Cg,X acting
on C∞(X,F ). Let LX be the operator acting on C∞(X,F ) which differs by an
explicit real constant from 12C
g,X . For t > 0, let exp(−tLX) be the associated heat
operator.
0.2. Twisted orbital integrals and twisted trace formula. Let Isom(X) be
the Lie group of isometries of X. We have the morphism of Lie groups G →
Isom(X). If φ ∈ Isom(X), let dφ(x) = d(x, φ(x)) be the displacement function
associated with φ. As in [29], φ is called semisimple if dφ reaches its infimum value
mφ in X, and φ is called elliptic if φ has fixed points in X. If φ is semisimple, let
X(φ) ⊂ X be the minimizing set of dφ, which is a convex submanifold of X.
In [12, Chapters 3], given a semisimple element γ ∈ G, it is shown that X(γ) is a
symmetric space associated with Z0(γ), the identity component of the centralizer of
γ. Then Bismut gave a geometric interpretation for the associated orbital integrals
Tr[γ][exp(−tLX)], so that they can be written as integrals along the fibres of the
normal bundle NX(γ)/X . This geometric interpretation plays an important role
in the proof by Bismut to his explicit geometric formula for Tr[γ][exp(−tLX)] [12,
Theorem 6.1.1]. Using Bismut’s formula, Shen [58, 59] gave a full proof of the Fried
conjecture for compact locally symmetric spaces, completing the work of Moscovici
and Stanton [49].
In this paper, we extend Bismut’s formula to the case of twisted orbital integrals.
Let Σ be the compact Lie group of the automorphisms of (G,B, θ). If σ ∈ Σ, let
Σσ be the closed subgroup of Σ generated by σ. Put Gσ = GoΣσ, Kσ = K oΣσ.
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If σ ∈ Σ, we define the σ-twisted conjugation Cσ so that if h, γ ∈ G,
(0.2.1) Cσ(h)γ = hγσ(h−1).
Then Cσ defines a left action of G on itself. Let Zσ(γ) ⊂ G be the σ-twisted
centralizer of γ ∈ G, and let Z0σ(γ) be its identity component. Then the orbit
of γ ∈ G by the action Cσ can be identified with Zσ(γ)\G. The twisted orbital
integrals are integrals on Zσ(γ)\G. This kind of integrals has been considered in
many contexts [40, 32, 22, 2, 6].
The group Gσ still acts on X isometrically. Let γ ∈ G be such that γσ is semisim-
ple. Following Bismut, we extend the geometric constructions in [12, Chapter 3]
to our case, so that X(γσ) is still a symmetric space associated with Z0σ(γ). This
way, in Subsection 2.2, we give a geometric interpretation of the twisted orbital
integrals.
We now assume that E extends to a unitary representation of Kσ. Then the
action of Gσ on X lifts to F . The operator LX commutes with Gσ. For t > 0, let
Tr[γσ][exp(−tLX)] denote the twisted orbital integral of the kernel of exp(−tLX)
associated with γσ.
Let Γ be a cocompact torsion-free discrete subgroup of G such that σ(Γ) = Γ.
Then Z = Γ\X is a compact smooth manifold equipped with an action of Σσ. The
vector bundle F descends to a vector bundle on Z, so that the action of Σσ on
Z lifts to F → Z. Moreover, LX descends to a Bochner-like Laplacian LZ on Z,
whose heat operators are trace class.
In Subsection 1.8, we show that if γ ∈ Γ, then γσ is semisimple. Let [Γ]σ denote
the set of σ-twisted conjugacy classes of Γ. In Subsection 2.4, following Langlands
[40], Flicker [32], Bergeron-Lipnowski [6], we rederive a twisted version of Selberg’s
trace formula [56],
(0.2.2) Tr[σZ exp(−tLZ)] =
∑
[γ]
σ
∈[Γ]σ
Vol(Γ ∩ Zσ(γ)\X(γσ))Tr[γσ][exp(−tLX)].
0.3. Statement of the main results. If γσ is semisimple, after conjugation, we
may and we will assume that γ = eak−1 with a ∈ p, k ∈ K and Ad(k)a = σa. Then
θ acts on Zσ(γ). Let zσ(γ) ⊂ g be the Lie algebra of Zσ(γ), and let kσ(γ) be the Lie
algebra of Kσ(γ) = Zσ(γ) ∩K. As in (0.1.1), we have the Cartan decomposition
(0.3.1) zσ(γ) = pσ(γ)⊕ kσ(γ).
Put p = dim pσ(γ), q = dim kσ(γ).
In Subsection 3.1, we define an analytic function Jγσ(Y
k
0 ) in Y
k
0 ∈ k(γσ) by an
explicit formula, which extends a definition of Bismut [12, Theorem 5.5.1]. The
main result of this paper is as follows.
Theorem 0.3.1. For t > 0, the following identity holds:
Tr[γσ][exp(−tLX)] = exp(−|a|
2/2t)
(2pit)p/2
·
∫
k(γσ)
Jγσ(Y
k
0 )Tr
E [ρE(k−1σ) exp(−iρE(Y k0 ))]e−|Y
k
0 |2/2t dY
k
0
(2pit)q/2
.
(0.3.2)
If σ = IdG, we recover Bismut’s formula in [12, Theorem 6.1.1]. We will restate
this theorem in Subsection 3.2. The proof will be given in Section 5, which is partly
derived from Bismut’s proof for his formula in [12, Chapter 9].
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Let p⊥σ (γ) ⊂ p be the orthogonal space of pσ(γ) in p with respect to B. Let
P⊥σ (γ) ⊂ X be the image of p⊥σ (γ) by the map f → pef . Put
(0.3.3) ∆γσX = {(x, γσ(x)) : x ∈ P⊥σ (γ)} ⊂ X ×X.
Let (a, kσ(γ)) denote the affine subspace of zσ(γ) = pσ(γ)⊕ kσ(γ). Set
(0.3.4) Hγσ = {0} × (a, kσ(γ)) ⊂ zσ(γ)× zσ(γ).
Let ∆zσ(γ) denote the standard Laplacian on zσ(γ).
In Subsection 3.3, using Theorem 0.3.1, we get an extension of [12, Theorem
6.3.2] for the twisted orbital integrals for wave operators.
Theorem 0.3.2. We have the identity of even distributions on R supported on
{s ∈ R : |s| ≥ √2|a|} with singular support included in ±√2|a|,∫
∆γσX
TrF [γσ cos(s
√
LX)]
=
∫
Hγσ
TrE [cos(s
√
−∆zσ(γ)/2)Jγσ(Y k0 )ρE(k−1σ) exp(−iρE(Y k0 ))].
(0.3.5)
0.4. Hypoelliptic Laplacian on symmetric spaces. Let us briefly recall the
theory of hypoelliptic Laplacian developed by Bismut in [12]. We also refer to [46]
for an introduction to this theory.
Put N = G ×K k. Then TX ⊕ N is canonically trivial on X. Let pi : X̂ → X
be the total space of TX ⊕ N , so that X̂ = X × g. As explained by Bismut in
[12, Sections 0.1, 0.3 and 0.6], the hypoelliptic Laplacian is a family of hypoelliptic
differential operators {LXb }b>0 acting on C∞(X̂ , pi∗(Λ·(T ∗X ⊕ N∗) ⊗ F )). These
operators are deformations of LX , so that as b → 0, LXb converges in the proper
sense to LX .
Let ∆TX⊕N be the standard Laplace along the fibre TX ⊕ N . The following
explicit formula of LXb is established in [12, Section 2.13],
LXb =
1
2
|[Y N , Y TX ]|2 + 1
2b2
(−∆TX⊕N + |Y |2 −m− n) + N
Λ·(T∗X⊕N∗)
b2
+
1
b
(
∇C∞(TX⊕N,pi∗(Λ·(T∗X⊕N∗)⊗F ))
Y TX
+ ĉ(ad(Y TX))
−c(ad(Y TX) + iθad(Y N ))− iρE(Y N )
)
.
(0.4.1)
The structure of LXb is close to the structure of the hypoelliptic Laplacian studied
by Bismut [10, 11], and by Bismut-Lebeau [14].
In [12], the proper functional analytic machinery was developed in order to obtain
the analytic properties of the resolvent and of the heat kernel of LXb . Let exp(−tLXb )
be the heat operator associated with LXb . In [12, Chapters 11, 14], Bismut proved
that there is a smooth kernel qXb,t associated with exp(−tLXb ), and that as b → 0,
qXb,t converges in the proper sense to the kernel of exp(−tLX).
In (0.4.1), the term ∇C∞(TX⊕N,pi∗(Λ·(T∗X⊕N∗)⊗F ))
Y TX
represents the left action of
the generator of the geodesic flow. If we forget the first quartic term in the right-
hand side of (0.4.1), then after rescaling, as b→ +∞, LXb converges in a na¨ıve sense
to the generator of the geodesic flow. More precisely, the diffusion associated with
the scalar part of LXb tends to propagate along the geodesic flow. In [12, Chapters
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12, 15], Bismut established the uniform estimates on qXb,t for b large, from which he
gave a quantitative estimate on how much this diffusion differs from the geodesic
flow.
0.5. The limit as b→ +∞: an explicit geometric formula. Let Trs[·] denote
the supertrace with respect to the Z2-grading of Λ·(T ∗X ⊕ N∗). In Subsection
2.3, we extend the definition of twisted orbital integrals to the hypoelliptic orbital
integrals Trs
[γσ][exp(−tLXb )].
In Subsection 5.1, we establish an identity which says that, for b > 0, t > 0,
(0.5.1) Tr[γσ][exp(−tLX)] = Trs[γσ][exp(−tLXb )].
This is an extension of [12, Theorem 4.6.1]. To prove (0.5.1), we show that the
right-hand side of (0.5.1) does not depend on b > 0. Then using the result in [12,
Theorem 4.5.2], as b→ 0, we show that the right-hand side of (0.5.1) converges to
the left-hand side.
Theorem 0.3.1 is obtained by evaluating the right-hand side of (0.5.1) as b →
+∞. The evaluation of Trs[γσ][exp(−tLXb )] can be localized near X(γσ). Then as
in [12, Chapter 9], using methods of local index theory, we can explicitly work out
its limit as b→ +∞ and obtain (0.3.2).
0.6. Equivariant Ray-Singer analytic torsion of Z. We now assume that G is
a connected linear reductive Lie group with compact center. Let U be its compact
form with Lie algebra u =
√−1p⊕ k. We assume that the action of σ on u lifts to
U . Put Uσ = U o Σσ.
If E is a unitary representation of Uσ, then it extends uniquely to a represen-
tation of Gσ. This way, F = G ×K E is a vector bundle on X equipped with
an invariant flat connection ∇F,f . Let Z be the compact locally symmetric space
considered in Subsection 0.2. Then F also descends to a flat vector bundle on Z
equipped with an equivariant action of σ. The operator 2LZ is just the associated
Hodge Laplacian up to an invariant self-adjoint endomorphism.
Let Tσ(gTZ ,∇F,f , gF ) denote the σ-equivariant Ray-Singer analytic torsion [44,
45, 18, 13] of the de Rham complex (Ω·(Z,F ), dZ,F ). If σ is the identity map, this
is just the ordinary Ray-Singer analytic torsion [52, 53], which we denote simply
by T (gTZ ,∇F,f , gF ).
In Proposition 6.5.3, using (0.2.2) and (0.3.2), we get some nontrivial algebraic
conditions on p and on σ such that Tσ(gTZ ,∇F,f , gF ) vanishes identically. This
extends the classical results on analytic torsions [49, Corollary 2.2], [43, Proposition
9], [15, Theorem 3.26], [12, Section 7.9], [17, Theorem 8.6].
0.7. Asymptotics of equivariant Ray-Singer analytic torsions. We now con-
sider a non-zero dominant weight λ of U which is fixed by σ.
Let Nλ be the flag manifold associated with λ. The group U
σ acts holomor-
phically on Nλ, and this action lifts to the canonical line bundle Lλ → Nλ. For
d ∈ N, Uσ acts on H(0,0)(Mλ, Ldλ). This way, we get a sequence of irreducible
unitary representations (Ed, ρ
Ed) of Uσ such that each (Ed, ρ
Ed) is the irreducible
representation of U with highest weight dλ. It defines a sequence of flat vector
bundles Fd, d ∈ N on X or Z on which Σσ acts equivariantly.
On a given Riemannian manifold, under a suitable nondegeneracy condition, the
W -invariant was introduced in [17]. Here, it is a G-invariant section of Λ·(T ∗X)⊗
o(TX), where o(TX) denotes the orientation line bundle of X (see Subsection 7.1).
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It is expressed in terms of the Duistermaat-Heckman integrals [26, 27] associated
with Lλ → Nλ. Let [W ]max denote the coefficient of a given volume element on
X of norm 1 in W . Since W is G-invariant, [W ]max here becomes a real constant.
Put nλ = dimCNλ. A result of [17] is that under a nondegeneracy condition for λ,
as d→ +∞, we have
(0.7.1) d−nλ−1T (gTZ ,∇Fd,f , gFd) = Vol(Z)[W ]max +O(d−1).
When dimX is odd, Vol(Z)[W ]max is a topological invariant for Z.
As shown by the computations in [51], [17, Section 8], given a concrete symmetric
pair (G,K) and a nondegenerated λ as above, the associated quantity [W ]max can
be evaluated explicitly in terms of λ and a root system of g. Then we can use these
W -invariants to describe other geometric objects for symmetric spaces. In Section
7, we consider the asymptotic behavior of Tσ(gTZ ,∇Fd,f , gFd) as d→ +∞.
Our notation will be made explicitly in Subsection 7.6. In particular, E1,maxσ
is a finite set of certain elliptic classes in [Γ]σ, and each W
j
γσ is a W -invariant
associated with X(γσ). The complex number rγ,j is of modulo 1. Assume that λ
is nondegenerate as in [17, Section 8]. The main results of Section 7 are as follows.
Theorem 0.7.1. If E1,maxσ 6= ∅, there exists m(σ) ∈ N such that as d→ +∞,
d−m(σ)−1Tσ(gTZ ,∇Fd,f , gFd)
=
∑
[γ]
σ
∈E1,maxσ
Vol(Γ ∩ Zσ(γ)\X(γσ))
( ∑
j∈J (γ)max
rdγ,jϕ
j
γ [W
j
γσ]
max
)
+O(d−1).
(0.7.2)
If E1,maxσ = ∅, as d→ +∞, we have Tσ(gTZ ,∇Fd,f , gFd) = O(e−cd), c > 0.
Let σZ denote the fixed point set of σ in Z. In Subsection 1.8, we show that σZ
can be identified with a disjoint union of Γ ∩ Zσ(γ)\X(γσ) associated with every
elliptic class [γ]
σ
in [Γ]σ. Therefore, (0.7.2) relates the asymptotic σ-equivariant
analytic torsion of Z to the W -invariants on σZ.
A difference with the results in [17, Section 8] is that the coefficients of W jγσ have
oscillating factors rdγ,j . Moreover, Theorem 0.7.1 is compatible with the results
of Ksenia Fedosova [30] on the asymptotics of Ray-Singer analytic torsions for
compact hyperbolic orbifolds. She obtained instead the oscillating factors from the
contributions of the elliptic elements in Γ, which is not assumed to be torsion-free.
0.8. The organization of the paper. This paper is organized as follows. In
Section 1, we introduce the real reductive Lie group G and the associated geometric
objects.
In Section 2, we define the twisted orbital integrals associated with γσ, and we
rederive the twisted Selberg trace formula for compact locally symmetric spaces.
In Section 3, we restate Theorem 0.3.1 in detail.
In Section 4, we recall the construction of the hypoelliptic Laplacian LXb of
Bismut and the properties of its heat kernel [12].
In Section 5, we prove Theorem 0.3.1.
In Section 6, we show the compatibility of our formula (0.3.2) to the results in
local equivariant index theory for compact locally symmetric spaces.
Finally, in Section 7, we construct a family of irreducible unitary representations
of Uσ associated with a σ-fixed dominant weight λ, and we recall the nondegeneracy
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condition for λ in [17, Section 8]. This way, we get a sequence of non-unitarily flat
vector bundles Fd on Z. Also we prove Theorem 0.7.1.
The results contained in this paper were announced in [42]. Note that (0.7.2) is
a refinement of [42, Theorem 4.5].
In the sequel, if V is a real vector space and if E is a complex vector space, we
will denote by V ⊗E the complex vector space V ⊗RE. We use the same convention
for the tensor product of vector bundles.
If H is a Lie group, let H0 denote the connected component of identity.
1. The symmetric space X = G/K and semisimple isometries
In this section, if G is a real reductive Lie group, let X be the associated sym-
metric space. If Σ is a compact subgroup of Aut(G) which acts on X isometrically,
then for each semisimple element γσ with γ ∈ G, σ ∈ Σ, we construct a symmetric
space X(γσ) ⊂ X associated with the σ-twisted centralizer of γ in G. Our results
here extend the results obtained in [12, Chapter 3].
This section is organized as follows. In Subsection 1.1, we introduce the real
reductive group G and the symmetric space X.
In Subsection 1.2, we describe the semisimple isometries of X.
In Subsection 1.3, we introduce a compact subgroup Σ of Aut(G).
In Subsection 1.4, we describe the semisimple elements in G˜ = Go Σ.
In Subsection 1.5, given a semisimple element γσ ∈ G˜ with γ ∈ G, σ ∈ Σ, we
show that the minimizing set X(γσ) is a symmetric space.
In Subsection 1.6, we describe the normal bundle NX(γσ)/X . We get a normal
coordinate system based on X(γσ) that identifies X to the total space of NX(γσ)/X .
In Subsection 1.7, we introduce the return map along the geodesics that connects
x, γσ(x), x ∈ X(γσ). We also interpret X(γσ) as the fixed point set of a symplectic
diffeomorphism of the total space of the cotangent bundle of X.
Finally, in Subsection 1.8, we consider a cocompact discrete subgroup Γ of G
preserved by σ, and we study the properties of Γ and the action of σ on Z = Γ\X.
1.1. Symmetric spaces and homogeneous vector bundles. Let G be a con-
nected real reductive Lie group [38, §7.2], and let θ be a Cartan involution of G
whose fixed point set K is a maximal compact subgroup of G. Then K is connected.
Let g be the Lie algebra of G, and let k be the Lie algebra of K. Let p ⊂ g be the
eigenspace of θ associated with the eigenvalue −1. Then the Cartan decomposition
of g is
(1.1.1) g = p⊕ k.
Moreover,
(1.1.2) [k, p] ⊂ p, [k, k], [p, p] ⊂ k.
Put m = dim p, n = dim k. Then dim g = m+ n
Let B be a nondegenerate bilinear symmetric form on g which is positive-definite
on p and negative-definite on k. We also assume that B is invariant under the action
of θ and the adjoint action of G. Let 〈·, ·〉 be the scalar product on g defined by
−B(·, θ·). Then the splitting (1.1.1) is orthogonal with respect to B and 〈·, ·〉.
For g, g′ ∈ G, put
(1.1.3) C(g)g′ = gg′g−1 ∈ G.
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Let Ad(·), ad(·) denote respectively the adjoint actions of G, g on g. We also use
Ad(g) abusively to denote the conjugation C(g) on G.
Let ωg be the canonical left-invariant 1-form on G with values in g, then
(1.1.4) dωg = −1
2
[ωg, ωg].
Let ωk, ωp be the k, p components of ωg with respect to (1.1.1). Then
(1.1.5) ωg = ωk + ωp.
By (1.1.1), (1.1.2), Equation (1.1.4) splits as
(1.1.6) dωp = −[ωk, ωp], dωk = −1
2
[ωk, ωk]− 1
2
[ωp, ωp].
Let X = G/K be the associated symmetric space. The projection p : G→ G/K
defines a K-principal bundle on X. The splitting (1.1.1) defines a connection on
this K-principal bundle, and the connection form is just ωk. Let Ω be the associated
curvature, then by (1.1.6),
(1.1.7) Ω = −1
2
[ωp, ωp] ∈ Λ2(p∗)⊗ k.
If (E, ρE) is an orthogonal (or a unitary) representation of K on an Euclidean (or
a Hermitian) space E, then F = G ×K E is an Euclidean (or a Hermitian) vector
bundle on X. The connection form ωk induces an Euclidean (or a Hermitian)
connection ∇F on F . The actions of G and θ on X lift to F .
Note that K acts on p. Then the tangent bundle of X is given by
(1.1.8) TX = G×K p.
Moreover, the scalar product B|p induces a Riemannian metric gTX on TX. Then
G and θ act on X isometrically. Let d(·, ·) denote the Riemannian distance on X.
By (1.1.8), ωk induces an Euclidean connection∇TX on TX. By the first identity
in (1.1.6), ∇TX is the Levi-Civita connection of (TX, gTX). Let RTX denote its
curvature. Then X has nonpositive sectional curvature. If x = p1 ∈ X, the
exponential map expx : p → X given by Y p ∈ p → expx(Y p) = exp(Y p) · x is a
diffeomorphism between p and X.
Put
(1.1.9) N = G×K k.
Let ∇N be the connection on N associated with ωk. By (1.1.8), (1.1.9),
(1.1.10) TX ⊕N = G×K g.
Let ∇TX⊕N be the connection on TX ⊕ N associated with ωk, equivalently,
∇TX⊕N = ∇TX ⊕ ∇N . As in [12, Section 2.2], the map (g, a) ∈ G ×K g →
(pg,Ad(g)a) ∈ X × g identifies TX ⊕N with the trivial vector bundle g over X.
In the sequel, let pi : X → X be the total space of TX to X, and let pi : X̂ → X
be the total space of TX ⊕N to X. Then
(1.1.11) X̂ ' X × g.
Take a unitary representation (E, ρE) of K. Let F be the associated vector
bundle on X. Let C∞(G,E) denote the set of smooth functions on G valued in E.
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The right multiplication of K on G induces an action of K on C∞(G,E), such that
for k ∈ K, s ∈ C∞(G,E),
(1.1.12) (k.s)(g) = ρE(k)s(gk).
Let C∞K (G,E) be the subspace of C
∞(G,E) of the sections fixed by K.
Let C∞(X,F ) be the vector space of the smooth sections of F over X. Then
(1.1.13) C∞(X,F ) = C∞K (G,E).
The left action of G on itself induces an action of G on C∞(X,F ) such that if
s ∈ C∞K (G,E), if g, h ∈ G, then
(1.1.14) (hs)(g) = s(h−1g).
Moreover, ∇F is G-invariant.
1.2. Semisimple isometries of X. Let Isom(X) be the Lie group of isometries
of (X, gTX). Then we have an obvious group homomorphism G→ Isom(X).
Definition 1.2.1. If φ ∈ Isom(X), the displacement function dφ associated with φ
is the function on X defined as
(1.2.1) dφ(x) = d(x, φx) , x ∈ X.
Put mφ = infx∈X dφ(x) ∈ R≥0.
Since X has nonpositive sectional curvature, by [29, Chapter 1, Example 1.6.6],
dφ is a continuous nonnegative convex function on X, and d
2
φ is a smooth convex
function.
Definition 1.2.2. We say that φ ∈ Isom(X) is semisimple if dφ(x) reaches its infi-
mum mφ in X. A semisimple isometry φ is called elliptic if it has fixed points in
X, i.e. mφ = 0. If φ is semisimple, put X(φ) = {x ∈ X | dφ(x) = mφ}.
1.3. A compact subgroup of Aut(G). Let Aut(G) be the Lie group of automor-
phism of G [33, Theorem 2]. Let 1 denote the unit element of G, and let 1G be the
identity automorphism of G.
Definition 1.3.1. The semidirect product of G and Aut(G) is defined as
(1.3.1) GoAut(G) := {(g, φ) | g ∈ G,φ ∈ Aut(G)},
with the group multiplication:
(1.3.2) (g1, φ1) · (g2, φ2) = (g1φ1(g2), φ1φ2).
The unit element is (1,1G). Also (g, φ)
−1 = (φ−1(g−1), φ−1).
We will often write gφ instead of (g, φ) for an element in GoAut(G). Let C(θ)
be conjugation on GoAut(G) by θ. Then C(θ) is an involution.
Definition 1.3.2. Put
(1.3.3) Σ := {φ ∈ Aut(G) : φθ = θφ, φ preserves the bilinear form B}.
Then Σ is a compact Lie subgroup of Aut(G). Let e be its Lie algebra. The
action of Σ on g preserves the splitting (1.1.1) and the scalar product of g. Note
that Σ contains all the inner automorphisms defined by elements in K.
Let G˜ be the preimage of Σ under the projection GoAut(G)→ Aut(G). Then
G˜ = Go Σ. Let g˜ be its Lie algebra. As vector spaces, we have g˜ = g⊕ e.
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Remark 1.3.3. The group G˜ is not necessarily reductive. An example is the case
Rn. In this case G˜ = RnoO(n) and the corresponding Lie algebra is g˜ = Rn⊕so(n)
with a twisted Lie bracket.
Then C(θ) is an involution of G˜. Let K˜ be the fixed set of C(θ) in G˜. Then
(1.3.4) K˜ = K o Σ.
Let k˜ = k⊕ e be the Lie algebra of K˜. Then we have the Cartan splitting of g˜,
(1.3.5) g˜ = p⊕ k˜.
If σ ∈ Σ, let Σσ be the closed subgroup of Σ generated by σ. Let Gσ be the
closed subgroup of G˜ generated by G and σ, and let Kσ be the closed subgroup K˜
generated by K and σ. Then
(1.3.6) Gσ = Go Σσ, Kσ = K o Σσ.
Given σ ∈ Σ, the map g ∈ G → σ(g) ∈ G descends to a diffeomorphism of
X: x ∈ X → σ(x) ∈ X. By (1.1.8), (1.3.3), the derivative of σ is given by
(g, f)→ (σ(g), σ(f)) with g ∈ G, f ∈ p. Then G˜ acts on X isometrically.
We have the identification of G˜-manifolds,
(1.3.7) X = G˜/K˜.
Similarly, if σ ∈ Σ, then
(1.3.8) X = Gσ/Kσ.
Moreover, we have
(1.3.9) TX = G˜×K˜ p = Gσ ×Kσ p.
In the sequel, p denotes both the projections G˜→ X and Gσ → X.
If the representation ρE : K → Aut(E) lifts to a representation ρE : Kσ →
Aut(E), then we have the identification of vector bundles over X,
(1.3.10) F = Gσ ×Kσ E.
In this case, the action of σ on F is given by σ(g, f)→ (σ(g), ρE(σ)f). Moreover,
as in (1.1.13), we have
(1.3.11) C∞(X,F ) = C∞Kσ (G
σ, E).
Then Gσ acts on C∞(X,F ). Also ∇F is invariant under the action of Gσ.
1.4. The decomposition of semisimple elements in G˜.
Definition 1.4.1. An element of G˜ is semisimple(resp. elliptic) if its isometric action
on X is semisimple(resp. elliptic).
If γ ∈ G˜, let Z˜(γ) be the centralizer of γ in G˜. Then dγ is Z˜(γ)-invariant. Recall
that if γ is semisimple, X(γ) is the minimizing set of dγ . We extend the results in
[12, Theorem 3.1.2] to our case.
Theorem 1.4.2. Assume that γ ∈ G˜ is semisimple. If g ∈ G˜, x = p(g) ∈ X,
then x ∈ X(γ) if and only if there exist a ∈ p, k ∈ K˜ such that Ad(k)a = a and
γ = C(g)(eak−1). If gt = geta, then t ∈ [0, 1] → xt = pgt is the unique geodesic
connecting x and γx. Moreover, mγ = |a|, and k ∈ K˜ is the parallel transport along
the above geodesic.
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Proof. By (1.3.3), (1.3.7), the proof of our theorem is just a modification of the
proof of [12, Theorem 3.1.2]. 
By Theorem 1.4.2, γ ∈ G˜ is elliptic if and only if it is conjugate in G˜ to an
element of K˜. An element γ ∈ G˜ is said to be hyperbolic if it is conjugate in G˜ to
ea, a ∈ p, which is always semisimple. Moreover, a hyperbolic element always lies
in G, and can be conjugate to exp(p) by an element in G.
If a ∈ g, let Z(a) ⊂ G, Z˜(a) ⊂ G˜ be the stabilizers of a, and let z(a) ⊂ g, z˜(a) ⊂ g˜
be their Lie algebras. If a ∈ p, by [38, Lemma 7.36] or [12, Proposition 3.2.8], we
have
(1.4.1) Z(a) = Z(ea), Z˜(a) = Z˜(ea).
Also we have,
(1.4.2) z˜(a) = {f ∈ g˜ | [f, a] = 0}, z(a) = z˜(a) ∩ g,
An analogue of [29, Theorem 2.19.23] and [12, eq.(3.1.7)] still holds true. Note
that a slight difference from [29, Theorem 2.19.23] is that G˜ may not be connected.
Proposition 1.4.3. Assume that γ ∈ G˜ is such that
(1.4.3) γ = eak−1, a ∈ p, k ∈ K˜, Ad(k)a = a.
Then we have
(1.4.4) Z˜(γ) = Z˜(ea) ∩ Z˜(k−1).
Proof. By Theorem 1.4.2, γ is semisimple, and x0 = p1 ∈ X(γ). We only need to
prove that Z˜(ea) ∩ Z˜(k−1) ⊂ Z˜(γ). We will adapt the arguments of [12, Theorem
3.2.6 and Proposition 3.2.8].
Take h ∈ Z˜(γ). Then there exists unique f ∈ p and k′ ∈ K˜ such that h = efk′.
Then γx0, hx0 = pe
f , γhx0 ∈ X(γ).
Let ys = pe
sa, s ∈ [0, 1] be the unique geodesic in X joining x0 and γx0. Let
xt = pe
tf , t ∈ [0, 1] be the unique geodesic connecting x0 and hx0. Since X(γ)
is geodesically convex, then the paths y·, x· lie in X(γ). Also we have two other
geodesics γx·, hy· in X(γ). These four geodesics form a geodesic rectangle in X(γ)
with the vertexes x0, γx0, hx0, γhx0 = hγx0.
Let ct(s), 0 ≤ s ≤ 1 be the geodesic connecting xt and γxt for all t. If t ∈ [0, 1],
let Ef (t) be the energy function associated with the geodesics ct(·), i.e.,
(1.4.5) Ef (t) =
1
2
d2γ(xt).
In particular, Ef (t) is a constant function in t, so that
(1.4.6) E′′f (0) = 0.
Put Js =
∂
∂t |t=0ct(s) the Jacobi field along c0(s). In the trivialization by parallel
transport,
J¨s − ad2(a)Js = 0,
J0 = f, J1 = Ad(k
−1)f,
(1.4.7)
where J˙ , J¨ are taken with respect to the Levi-Civita connection along y·.
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We also have
(1.4.8) E′′f (0) =
∫ 1
0
(|J˙s|2 + |[a, Js]|2)ds.
By (1.4.6), (1.4.7), (1.4.8), we get
(1.4.9) f ∈ z(a) ∩ p, Ad(k)f = f.
Applying (1.4.9) to h = efk′, hγ = γh, we obtain
(1.4.10) eAd(k
′)ak′k−1 = eak−1k′.
Using the uniqueness of global Cartan decomposition of G, we get
(1.4.11) Ad(k′)a = a, k′k−1 = k−1k′.
By (1.4.9), (1.4.11), we get h ∈ Z˜(ea) ∩ Z˜(k−1). This completes the proof of our
proposition. 
In general, if γ ∈ G˜ is semisimple, then by Theorem 1.4.2, there exist g ∈ G˜,
a ∈ p, k ∈ K˜ such that
(1.4.12) γ = geak−1g−1, Ad(k)a = a.
Put
(1.4.13) γh = ge
ag−1, γe = gk−1g−1.
The element γh (resp. γe) is called the hyperbolic (resp. elliptic) part of γ. Then
γ = γhγe = γeγh. By Proposition 1.4.3,
(1.4.14) Z˜(γ) = Z˜(γe) ∩ Z˜(γh).
Lemma 1.4.4. If γ ∈ G˜ is semisimple, then the decomposition of γ as the com-
muting product of a hyperbolic element and an elliptic element in G˜ is unique.
Proof. It is enough to prove our lemma for γ given in (1.4.3). As in (1.4.13), we
have
(1.4.15) γh = e
a ∈ G, γe = k−1 ∈ K˜.
Now suppose that γ′h ∈ G, γ′e ∈ G˜ are respectively hyperbolic, elliptic elements such
that
(1.4.16) γ = γ′hγ
′
e = γ
′
eγ
′
h.
Then we only need to prove that
(1.4.17) γ′h = γh, γ
′
e = γe.
Note that the conjugation of G˜ preserves G, then γ′h ∈ G. Set
(1.4.18) H = ker(Ad : G˜→ Aut(g)).
Then H ∩G is just the center of G.
Then in Aut(g), the uniqueness of the Jordan decomposition of Ad(γ) implies
(1.4.19) Ad(γ′h) = Ad(γh), Ad(γ
′
e) = Ad(γe).
This implies that there exists h ∈ H ∩G ∩ Z˜(γ′e) ∩ Z˜(γe) such that
(1.4.20) γ′h = hγh, γ
′
e = h
−1γe.
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Write h = efk′′ ∈ G with f ∈ p, k′′ ∈ K. Then by Theorem 1.4.2 and the
assumption that γ′e is elliptic, we get f = 0, so that h ∈ K and γ′e ∈ K.
Since γ′h is hyperbolic, then there exist g
′ ∈ G, a′ ∈ p such that γ′h = gea
′
g−1.
Then we rewrite the first identity of (1.4.20) as follows
(1.4.21) gea
′
g−1 = eah ∈ G, Ad(h)a = a.
By [29, Theorem 2.19.23], we get h = 1, which implies exactly (1.4.17). This
completes the proof of our lemma. 
1.5. The minimizing set. Let γ ∈ G, σ ∈ Σ. In the sequel, we assume that
γσ ∈ G˜ is semisimple.
If g ∈ G,
(1.5.1) C(g)(γσ) = gγσ(g−1)σ ∈ Gσ.
Let Cσ : G→ G be such that if g, h ∈ G,
(1.5.2) Cσ(g)h = ghσ(g−1) ∈ G.
If g ∈ G, Cσ(g) acts on the left on G, and moreover, Cσ(g)Cσ(g′) = Cσ(gg′).
Definition 1.5.1. If γ ∈ G, let Zσ(γ) ⊂ G be the stabilizer of γ under the action of
G by Cσ, which is also called the σ-twisted centralizer of γ in G. The orbit of γ
under this action is called σ-twisted conjugacy class of γ in G.
We have
(1.5.3) Zσ(γ) = G ∩ Z˜(γσ).
Fix g ∈ G such that x = p(g) ∈ X(γσ). By Theorem 1.4.2, there exists a ∈ p,
k ∈ K such that
(1.5.4) Ad(k)a = σa, γ = Cσ(g)(eak−1).
We have X(γσ) = gX(eak−1σ). Then it is enough to consider the case
(1.5.5) γ = eak−1 ∈ G, a ∈ p, k ∈ K, Ad(k)a = σa.
In the sequel, we always take γ as in (1.5.5).
By (1.4.14), we have
(1.5.6) Zσ(γ) = Z(e
a) ∩ Zσ(k−1).
Let zσ(γ), zσ(k
−1) be the Lie algebras of Zσ(γ), Zσ(k−1). Then
(1.5.7) zσ(k
−1) = {f ∈ g | Ad(k)f = σf}.
By (1.4.1), (1.5.6), we get
(1.5.8) zσ(γ) = z(a) ∩ zσ(k−1).
Put
(1.5.9) pσ(γ) := zσ(γ) ∩ p, kσ(γ) := zσ(γ) ∩ k.
Since σ preserves the splitting (1.1.1), by (1.5.7),(1.5.8), we get
(1.5.10) zσ(γ) = pσ(γ)⊕ kσ(γ).
Put
(1.5.11) Kσ(γ) = Zσ(γ) ∩K, K˜(γσ) = Z˜(γσ) ∩ K˜.
Then kσ(γ) is the Lie algebra of Kσ(γ).
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Let Z0σ(γ), Z˜
0(γσ) denote the identity components of Zσ(γ), Z˜(γσ).
Theorem 1.5.2. We have
(1.5.12) X(γσ) = X(ea) ∩X(k−1σ) ⊂ X.
In the coordinate system (p, expx), we have
(1.5.13) X(ea) = z(a) ∩ p, X(k−1σ) = zσ(k−1) ∩ p.
Then
(1.5.14) X(γσ) = pσ(γ).
The action of Z0σ(γ) on X(γσ) is transitive, and the stabilizer of x = p1 ∈ X(γσ)
is given by Z0σ(γ) ∩K. Then we have the following identifications,
X(γσ) ' Zσ(γ)/Kσ(γ) ' Z˜(γσ)/K˜(γσ)
' Z0σ(γ)/(Z0σ(γ) ∩K) ' Z˜0(γσ)/(Z˜0(γσ) ∩ K˜).
(1.5.15)
Moreover, Z0σ(γ)∩K, Z˜0(γσ)∩ K˜ coincide with the identity components K0σ(γ),
K˜0(γσ) of Kσ(γ), K˜(γσ) respectively. The embeddings Kσ(γ)→ Zσ(γ) and K˜(γσ)→
Z˜(γσ) induce respectively the isomorphisms of finite groups,
K0σ(γ)\Kσ(γ) ' Z0σ(γ)\Z(γ),
K˜0(γσ)\K˜(γσ) ' Z˜0(γσ)\Z˜(γσ).
(1.5.16)
Proof. Using instead Theorem 1.4.2 and Lemma 1.4.4, the proof of our theorem is
just a modification of the proof of [12, Theorem 3.3.1]. 
By (1.5.15), as in (1.1.8) and (1.3.9), the tangent bundle of X(γσ) is given by
(1.5.17) TX(γσ) = Zσ(γ)×Kσ(γ) pσ(γ) = Z˜(γσ)×K˜(γσ) pσ(γ).
1.6. The normal coordinate system on X based at X(γσ). In this subsection,
we extend the results of [12, Sections 3.3 and 3.4]. We still assume that γσ ∈ G˜ is
of the form in (1.5.5). Then x0 = p1 ∈ X(γσ).
Let z⊥σ (γ) be the orthogonal subspace of zσ(γ) in g with respect to B. Put
(1.6.1) p⊥σ (γ) = z
⊥
σ (γ) ∩ p, k⊥σ (γ) = z⊥σ (γ) ∩ k.
By (1.5.10), we get
(1.6.2) z⊥σ (γ) = p
⊥
σ (γ)⊕ k⊥σ (γ).
If NX(γσ)/X is the normal vector bundle of X(γσ) in X, by (1.5.17), then
NX(γσ)/X = Zσ(γ)×Kσ(γ) p⊥σ (γ),
= Z˜(γσ)×K˜(γσ) p⊥σ (γ).
(1.6.3)
Let NX(γσ)/X be the total space of NX(γσ)/X → X(γσ).
Let Pγσ : X → X(γσ) be the orthogonal projection from X into X(γσ) [29,
Proposition 1.6.3]. Here, we extend [12, Theorems 3.4.1 and 3.4.3].
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Theorem 1.6.1. We have the diffeomorphism of Zσ(γ)- and Z˜(γσ)-manifolds,
(1.6.4) ργσ : (g, f) ∈ NX(γσ)/X −→ p(g exp(f)) ∈ X.
The action of γσ on X is given by the map (g, f) 7→ (exp(a)g,Ad(k−1)σ(f) ),
and the projection Pγσ is given by Pγσ(g, f) = (g, 0).
There exists cγσ > 0, such that if f ∈ p⊥σ (γ), |f | ≥ 1, then
(1.6.5) dγσ(ργσ(1, f)) ≥ |a|+ cγσ|f |.
There exist C ′γσ > 0, C
′′
γσ > 0 such that, for f ∈ p⊥σ (γ), if |f | ≥ 1,
(1.6.6) |∇dγσ(ργσ(1, f))| ≥ C ′γσ,
and if |f | ≤ 1,
(1.6.7) |∇d2γσ(ργσ(1, f))/2| ≥ C ′′γσ|f |.
In particular, the function d2γσ/2 is a Morse-Bott function, whose critical set is
X(γσ), and its Hessian on X(γσ) is given by the symmetric positive endomorphism
on p⊥σ (γ),
(1.6.8) ∇TX∇d2γσ/2 =
ad(a)
sinh(ad(a))
(2 cosh(ad(a))− (Ad(k−1)σ + σ−1Ad(k))).
Proof. As we have seen, the geometric structures of X associated with γσ are the
same as the ones considered in [12, Chapter 3], using the identification in (1.6.3),
the proof of this theorem is an easy modification of the proof of [12, Theorem
3.4.1]. 
The group Kσ(γ) (resp. K˜(γσ)) acts on the left on K (resp. K˜) and on p
⊥
σ (γ).
Let p⊥σ (γ)Kσ(γ) × K (resp. p⊥σ (γ)K˜(γσ) × K˜ ) be the vector bundle on Kσ(γ)\K
(resp. K˜(γσ)\K˜) given by the relation, for f ∈ p⊥σ (γ), k ∈ K (resp. K˜) and
h ∈ Kσ(γ) (resp. K˜(γσ)),
(1.6.9) (f, k) ∼ (Ad(h)f, hk).
Right multiplication by K (resp. K˜) lifts to p⊥σ (γ)Kσ(γ)×K (resp. p⊥σ (γ)K˜(γσ)×K˜).
By Theorem 1.6.1, we can define two maps as follows,
%γσ :(g, f, k) ∈ Zσ(γ)×Kσ(γ) (p⊥σ (γ)×K)→ gefk ∈ G,
%˜γσ :(g, f, k) ∈ Z˜(γσ)×K˜(γσ) (p⊥σ (γ)× K˜)→ gefk ∈ G˜.
(1.6.10)
Theorem 1.6.2. The map %γσ in (1.6.10) a diffeomorphism of left Zσ(γ)-spaces
and of right K-spaces, and %˜γσ is a diffeomorphism of left Z˜(γσ)-spaces and of right
K˜-spaces. The projection p is represented by (g, f, k) 7→ (g, f). Moreover, under
these diffeomorphisms in (1.6.10) , we have
p⊥σ (γ)Kσ(γ) ×K = Zσ(γ)\G,
p⊥σ (γ)K˜(γσ) × K˜ = Z˜(γσ)\G˜.
(1.6.11)
Proof. The first two statements in our theorem follow from Theorem (1.6.1). The
identifications in (1.6.11) are just consequences of the diffeomorphisms in (1.6.10).

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Remark 1.6.3. In Theorems 1.6.1, 1.6.2, we can replace Zσ(γ), Z˜(γσ), Kσ(γ),
K˜(γσ) by their identity components. In particular, we have
p⊥σ (γ)K0σ(γ) ×K = Z0σ(γ)\G,
p⊥σ (γ)K˜0(γσ) × K˜ = Z˜0(γσ)\G˜.
(1.6.12)
Let dx be the volume element on X induced by the Riemannian metric. Let dk
be the normalized Haar measure of K. Put
(1.6.13) dg = dxdk.
Then dg is a left-invariant Haar measure on G. Since G is unimodular, dg is also
right-invariant.
Let dy be the volume element on X(γσ) induced by Riemannian metric, let
df be the volume element on the Euclidean space p⊥σ (γ). Then dydf is a volume
element on Z0σ(γ)×K0σ(γ) p⊥(γσ) which is Z0σ(γ)-invariant. By Theorem 1.6.1, there
is a smooth positive K0σ(γ)-invariant function r(f) on p
⊥
σ (γ) such that we have the
identity of volume elements on X,
(1.6.14) dx = r(f)dydf,
with r(0) = 1. Moreover, by [12, (3.4.36)], there exist C > 0, C ′ > 0 such that for
f ∈ p⊥(γσ),
(1.6.15) r(f) ≤ C exp(C ′|f |).
Let dk′0 be the Haar measure on K0σ(γ) that gives volume 1 to K
0
σ(γ), and let
du0 be the K−invariant volume form on K0σ(γ)\K, so that
(1.6.16) dk = dk′0du0.
Then dydk′0 defines an invariant Haar measure on the reductive Lie group Z0σ(γ)
such that
(1.6.17) dg = dydk′0 · r(f)dfdu0.
By (1.6.12) and (1.6.17), dv0 = r(f)dfdu0 is a right G-invariant measure on
Z0σ(γ)\G
When replacing Z0σ(γ), K
0
σ(γ) by Zσ(γ), K(γσ), we can define the corresponding
measures dk′, du, dz, dv on Kσ(γ), Kσ(γ)\K, Zσ(γ), Zσ(γ)\G.
1.7. The return map along the minimizing set in X(γσ). In this subsection,
we still assume that γσ ∈ G˜ is of the form given in (1.5.5).
Let X ∗ be the total space of the cotangent bundle T ∗X. We still use pi denote
the canonical projection from T ∗X to X. Let y be the generic element of T ∗X,
and then ϑ = pi∗y is a smooth 1-form on X ∗. Put ω = dX∗ϑ, which is the canonical
symplectic form on X ∗. The identification of the fibres TX and T ∗X by the metric
gTX identifies the manifolds X and X ∗. We still use ω to denote the corresponding
symplectic form on X . Put H(x, y) = 12 |y|2 the Hamiltonian on X . Let V be the
Hamiltonian vector field associated with H. Then V is the generator of geodesic
flow. Let {ϕt}t∈R be the 1-parameter subgroup of diffeomorphisms of X generated
by V , which preserves the symplectic form ω.
The action of γσ lifts to X and X ∗. Since γσ is isometry, these actions correspond
by the identification through the metric gTX , and γσ preserves the symplectic form
of X or X ∗. Now we study the symplectic diffeomorphism (γσ)−1ϕ1 of X .
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The element a ∈ p defines a constant section of X × g. By (1.1.11), we can
view a as a smooth section of TX ⊕ N . Let aTX , aN the corresponding parts of
this section in TX, N respectively. Then we have the extension of [12, Proposition
3.5.1] to our case.
(1.7.1) Fγσ = {z ∈ X | (γσ)−1ϕ1(z) = z} = {(x, aTXx ) ∈ X | x ∈ X(γσ))}.
Put
(1.7.2) z0 = z(a), p0 = ker ad(a) ∩ p, k0 = ker ad(a) ∩ k.
Let z⊥0 , p
⊥
0 , k
⊥
0 be the orthogonal vector spaces to z0, p0, k0 in g, p, k. Then
(1.7.3) z0 = p0 ⊕ k0, z⊥0 = p⊥0 ⊕ k⊥0 .
By (1.5.8), zσ(γ) is a Lie subalgebra of z0. Also pσ(γ), kσ(γ) are subspaces of
p0, k0 respectively. Let z
⊥
σ,0(γ), p
⊥
σ,0(γ), k
⊥
σ,0(γ) be the orthogonal spaces to zσ(γ),
pσ(γ), kσ(γ) in z0, p0, k0. Then
(1.7.4) z⊥σ,0(γ) = p
⊥
σ,0(γ)⊕ k⊥σ,0(γ).
Also the action ad(a) gives an isomorphism between p⊥0 and k
⊥
0 .
The connection ∇TX on TX induces a splitting
(1.7.5) TX ' pi∗(TX ⊕ TX).
In (1.7.5), the first copy is identified with its horizontal lift, and the second copy is
the tangent bundle along the fibre, which is the kernel of dpi : TX → TX.
The differential d((γσ)−1ϕ1) is an automorphism of T(x,aTXx )X . Let g ∈ Zσ(γ)
be such that x = pg. We identify T(x,aTXx )X with the vector space p⊕ p by the left
action g on T(p1,a)X .
The extension of the results in [12, Theorem 3.5.2] follows directly from the
above constructions.
Proposition 1.7.1. The following identity holds at (x, aTXx ) ∈ Fγσ,
(1.7.6) d((γσ)−1ϕ1)|p⊕p =
[
σ−1Ad(k) 0
0 σ−1Ad(k)
]
exp
([
0 1
ad2(a) 0
])
.
The eigenspace of d((γσ)−1ϕ1) associated with the eigenvalue 1 is just TFγσ '
pσ(γ)⊕ {0} ⊂ p0 ⊕ p0.
Recall that X̂ is the total space of TX⊕N . Let pi : X̂ → X be the obvious projec-
tion. The flow {ϕt}t∈R lifts to a flow of diffeomorphisms of X̂ . If (x, Y TX , Y N ) ∈ X̂ ,
set
(1.7.7) (xt, Y
TX
t , Y
N
t ) = ϕt(x, Y
TX , Y N ).
Then xt is just the geodesic starting at x with speed Y
TX
t , and Y
N
t is the parallel
transport of Y N along xt.
Put
(1.7.8) N(k−1σ) = Z0σ(γ)×K0σ(γ) kσ(k−1).
Then N(k−1σ) is a subbundle of N |X(γσ). Let N (k−1σ) be the total space of
N(k−1σ). Let îa be the embedding (x, Y N ) ∈ N (k−1σ)→ (x, aTX , Y N ) ∈ X̂ .
Set
(1.7.9) F̂γσ = {z ∈ X̂ , (γσ)−1ϕ1z = z}.
As in [12, Section 3.6] and (1.7.1), we have
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Proposition 1.7.2. We have the following identities,
N(k−1σ) = {Y N ∈ N |X(γσ) | Ad(k−1σ)Y N = Y N},
piF̂γσ = Fγσ, F̂γσ = îaN (k−1σ).
(1.7.10)
Proof. The first identity in (1.7.10) follows from (1.7.8), and the second one follows
from (1.7.1), (1.7.7), (1.7.9). The third identity follows from (1.7.1) and the first
two identities in (1.7.10). 
1.8. The locally symmetric space Z.
Lemma 1.8.1. If Γ is a cocompact discrete subgroup of G, if γ ∈ Γ, then it is
semisimple in G, and Γ ∩ Z(γ) is a cocompact discrete subgroup of Z(γ). More
generally, if σ ∈ Σ is such that σ(Γ) ⊂ Γ, if γ ∈ Γ, then γσ ∈ G˜ is also semisimple,
and Γ ∩ Zσ(γ) is a cocompact discrete subgroup of Zσ(γ).
Proof. The first part of this lemma was proved in [46, Proposition 3.9]. Also if
γ ∈ Γ, σ(Γ) ⊂ Γ, by [57, Lemmas 1,2], Γ∩Zσ(γ) is a discrete cocompact subgroup of
Zσ(γ). Using the cocompactness of Γ, a modification of the proof of [46, Proposition
3.9] shows that γσ is semisimple. 
We fix σ ∈ Σ and fix a discrete cocompact subgroup Γ ⊂ G such that σ(Γ) = Γ.
Definition 1.8.2. We denote by [Γ]σ the set of σ-twisted conjugacy classes in Γ. If
γ ∈ Γ, let [γ]
σ
be the σ-twisted conjugacy class of γ in Γ. If γσ is elliptic, we say
that [γ]
σ
is an elliptic class.
The map γ′ ∈ Γ 7→ (γ′)−1γσ(γ′) ∈ [γ]
σ
induces the identification
(1.8.1) [γ]
σ
' Γ ∩ Zσ(γ)\Γ.
Let Eσ be the set of elliptic classes in [Γ]σ.
Lemma 1.8.3. The set Eσ is finite.
Proof. Recall that p : G → X is a proper projection. Let U ⊂ G be a compact
fundamental domain for the action of Γ on G. Then we have the identification
(1.8.2) G = ∪γ∈ΓγU.
Put
(1.8.3) V = p−1(p(U)) = U ·K.
Then V is a compact subset of G. We denote by V −1 the set of the inverses of
elements in V . Then V −1 and V · σ(V −1) are compact in G.
For any [γ]
σ
∈ Eσ, there exists γ′ ∈ [γ]σ such that γ′σ has fixed points in
p(V ) = p(U). Let gγ ∈ U such that pgγ is fixed by γ′σ. Then we get
(1.8.4) γ′ ∈ UKσ(U−1) ∩ Γ ⊂ V · σ(V −1) ∩ Γ.
Since V · σ(V −1) is compact and Γ is discrete, V · σ(V −1) ∩ Γ is a finite set. This
completes the proof of our lemma. 
It is clear that mγσ ∈ R≥0 only depends on the class [γ]σ of γ ∈ Γ. Set
(1.8.5) cΓ,σ = inf {mγσ | [γ]
σ
∈ [Γ]σ\Eσ} ≥ 0.
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Proposition 1.8.4. We have
(1.8.6) cΓ,σ > 0.
Proof. Suppose that we have a sequence of [γi]
σ
∈ [Γ]σ\Eσ, i ∈ N such that mγiσ →
0 as i → +∞. Let U ⊂ G be the compact fundamental domain in the proof of
Lemma 1.8.3. Then for each class [γi]
σ
, there exists γ′i ∈ [γi]σ, xi ∈ p(U) such that
(1.8.7) dγ′iσ(xi) = mγiσ.
Since U is compact, we may and we will assume that {xi}i∈N is a convergent
sequence with limit x ∈ p(U).
Then
(1.8.8) d(x, γ′iσ(x)) ≤ d(x, xi) + d(xi, γ′iσ(xi)) + d(γ′iσ(xi), γ′iσ(x)).
By the assumption, there exists i0 ∈ N such that if i ≥ i0, then
(1.8.9) d(x, γ′iσ(x)) ≤ 1/2.
Since Γ is discrete, there exists only finite number of γ′i such that (1.8.9) holds.
This contradicts the assumption that mγiσ → 0 as i → +∞, which completes our
proof. 
Lemma 1.8.5. There exist c > 0, C > 0 such that for R > 0, x ∈ X, we have
(1.8.10) #{γ ∈ Γ | γσ non-elliptic, dγσ(x) ≤ R} ≤ C exp(cR).
Proof. If x ∈ X, R > 0, let BR(x) be the metric ball centered at x of radius R.
Then by [12, Eqs. (4.1.11), (4.1.12)], there existsc′ > 0, C ′ > 0 such that, for
x ∈ X, R > 0,
(1.8.11) Vol(BR(x)) ≤ C ′ exp(c′R).
If Γ is torsion free, then using the same arguments as in the proof of [51, Proposition
3.2], we get (1.8.10). Note that it is also a special case of [47, eq.(3.19)]. Here we
include a proof for the case where Γ is not torsion free. Let E(Γ) ⊂ Γ be the set of
elliptic elements in Γ. Then E(Γ) is a finite disjoint union of conjugacy classes in
Γ. By Theorem 1.6.1, there exists c0 > 0 such that if γ ∈ E(Γ), x ∈ X, then
(1.8.12) c0d(x,X(γ)) ≤ dγ(x).
Put
(1.8.13) cΓ = cΓ,1G > 0.
Let ε be such that
(1.8.14) 0 < ε <
1
4
min(cΓ, cΓ,σ).
By (1.8.5), (1.8.13), (1.8.14), if γ, γ′ ∈ Γ are such that γσ, γ′σ are non-elliptic,
and if γ−1γ′ is non-elliptic, then if x ∈ X, we have
(1.8.15) γσBε(x) ∩ γ′σBε(x) = ∅.
If γσBε(x) ∩ γ′σBε(x) 6= ∅, then γ−1γ′ is elliptic, and there exists x′ ∈ σBε(x)
such that
(1.8.16) d(x′, γ−1γ′x′) ≤ 4ε.
Put r = ( 4c0 + 1)ε+
1
16 . By (1.8.12), γ
−1γ′ has fixed points in σBr(x). We can fix
ε small enough such that r < 1.
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Let U ⊂ G be a compact fundamental domain for Γ\G as in the proof of Lemma
1.8.3, and let V1 be the closed 1-neighborhood of p(U) in X. The same arguments
in the proof of Lemma 1.8.3 show that
(1.8.17) l(U) = #{γ ∈ Γ | γ has fixed points in V1 ⊂ X}
is finite. If γ ∈ Γ, then l(U) = l(γU).
Fix x ∈ X, R > 0. If γ ∈ Γ is such that
(1.8.18) d(x, γσ(x)) ≤ R.
Then
(1.8.19) γσBε(x) ⊂ BR+ε(x).
There exists γ0 ∈ Γ such that
(1.8.20) σ(x) ∈ p(γ0U).
Let γ ∈ Γ be such that γσ is not elliptic. Set
(1.8.21) I(γσ) = {γ′ ∈ Γ | γ′σ non-elliptic, γσBε(x) ∩ γ′σBε(x) 6= ∅}.
By the arguments (1.8.15) - (1.8.17), we get
(1.8.22) #I(γσ) ≤ l(γ0U) = l(U).
By (1.8.19), (1.8.21), (1.8.22), we get
#{γ ∈ Γ | γσ non-elliptic, dγσ(x) ≤ R}
≤ (l(U) + 1)Vol(BR+ε(x))/Vol(Bε(x)).(1.8.23)
By (1.8.11), (1.8.23), we get (1.8.10). This completes the proof of our lemma. 
Put Z = Γ\X = Γ\G/K. Then Z is a compact orbifold [1, Example 1.20].
Recall that the vector bundle F on X is Subsection 1.1. Then F descends to an
orbifold vector bundle F on Z. In particular, the tangent bundle TX descends to
the orbifold tangent bundle TZ, and N also descends to a orbifold bundle, which
we still denote it by N .
In the rest part of this subsection, we assume that Γ is torsion free, so that Z is
a smooth compact manifold. We still fix a σ ∈ Σ satisfying σ(Γ) = Γ. Then σ acts
isometrically on Z. Let σZ ⊂ Z be the fixed point set of σ in Z.
If g ∈ G, we denote by [g]X (resp. [g]Z) the corresponding point in X (resp.
Z). If A ⊂ X, we denote by [A]Z ⊂ Z the image of A ⊂ X under the projection
X → Z.
Lemma 1.8.6. If γ1, γ2 ∈ Γ are σ-twisted conjugate in Γ, then
(1.8.24) [X(γ1σ)]Z = [X(γ2σ)]Z ⊂ Z.
If g ∈ G, then [g]Z ∈ σZ if and only if there is γ ∈ Γ such that γσ is elliptic and
that [g]X ∈ X(γσ) ⊂ X. If [γ1]σ, [γ2]σ ∈ Eσ are distinct classes, then
(1.8.25) [X(γ1σ)]Z ∩ [X(γ2σ)]Z = ∅.
Proof. The first part of our lemma is clear. If [g]Z ∈ σZ, then there are γ0 ∈ Γ,
k0 ∈ K such that
(1.8.26) σ(g) = γ0gk0.
Then γ−10 σ(g) = gk0. This implies that [g]X ∈ X is a fixed point of γ−10 σ, so that
γ−10 σ is elliptic.
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If x ∈ X and γσ(x) = x with some γ ∈ Γ, then [x]Z ∈ σZ by definition.
Suppose that [γ1]
σ
, [γ2]
σ
are in Eσ. If [X(γ1σ)]Z ∩ [X(γ2σ)]Z 6= ∅ in Z, since
γ1σ, γ2σ are elliptic, there exists γ ∈ Γ and x ∈ X such that
(1.8.27) γ−1γ1σ(γ)σ(x) = γ2σ(x) = x.
Then γ−12 γ
−1γ1σ(γ)σ(x) = σ(x). Since Γ is torsion free, then γ2 = γ−1γ1σ(γ),
which says that [γ1]
σ
= [γ2]
σ
. Then we get (1.8.25). This completes the proof of
our lemma. 
Using Lemma 1.8.6, we get that
(1.8.28) σZ = ∪[γ]
σ
∈Eσ [X(γσ)]Z .
Moreover, the right-hand side in (1.8.28) is a finite disjoint union.
By Lemma 1.8.1, Γ∩Zσ(γ) is a cocompact discrete subgroup of Zσ(γ). Moreover,
since Γ is torsion-free, Γ ∩ Zσ(γ) is also torsion-free. Then Γ ∩ Zσ(γ)\X(γσ) is a
compact smooth manifold
Take [γ]
σ
∈ Eσ, let γ ∈ Γ be one representative of [γ]σ. If x ∈ X(γσ), if γ0 ∈ Γ
is such that γ0x ∈ X(γσ), then an argument like (1.8.27) gives that γ0 ∈ Zσ(γ).
Thus the projection X → Z induces an identification between Γ ∩ Zσ(γ)\X(γσ)
and [X(γσ)]Z ⊂ Z. Then (1.8.28) can be rewritten as
(1.8.29) σZ = ∪[γ]
σ
∈EσΓ ∩ Zσ(γ)\X(γσ),
Let C(Z,F ) be the vector space of continuous sections of F on Z, which can be
identified with the subspace of C(X,F ) of Γ-invariant sections over X, i.e.,
(1.8.30) C(Z,F ) = C(X,F )Γ.
By (1.3.11), (1.8.30), we get
(1.8.31) C(Z,F ) = CK(G,E)
Γ.
We now assume that (E, ρE) lifts to a representation of Kσ. Since σ preserves
Γ, the action of σ descends to F → Z.
Proposition 1.8.7. Take [γ]
σ
∈ Eσ. Under the identification (1.8.29), the action
of σ on the bundle F restricted to [X(γσ)]Z ⊂ σZ is given by the action of γσ on
the vector bundle F over Γ ∩ Zσ(γ)\X(γσ).
Proof. Take x0 = p(g0) ∈ X(γσ). There is k ∈ K such that
(1.8.32) γ = Cσ(g0)(k
−1).
By Proposition 1.5.2 and (1.8.32), we have
(1.8.33) X(γσ) = g0(X(k
−1σ)).
By (1.3.10), (1.8.33), we have the identification of vector bundles,
(1.8.34) F |[X(γσ)]Z ' Γ ∩ Zσ(γ)\ g0
(
Zσ(k
−1)×Kσ(k−1) E
)
.
If g ∈ Zσ(k−1), by (1.8.32), we get
(1.8.35) σ(g0g) = γ
−1g0gk−1.
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Put x = p(g0g) ∈ X(γσ) and z = [g0g]Z ∈ [X(γσ)]Z . If v ∈ Fz ' E, then
σ(z, v) = (σ(z), σv)
= [(σ(g0g), ρ
E(σ)v)]Z
= [(g0g, ρ
E(k−1σ)v)]Z ∈ Fσ(z).
(1.8.36)
Take the lift of [(g0g, ρ
E(k−1σ)v)]Z around x, we have
(1.8.37) [(g0g, ρ
E(k−1σE)v)]Z = g0k−1σg−10 (x, v) = γσ(x, v).
This completes the proof of our proposition. 
2. The twisted orbital integrals
In this section, we give a geometric interpretation for the twisted orbital integrals
associated with a semisimple element in G˜.
This section is organized as follows. In Subsection 2.1, we introduce an algebra
Qσ of invariant kernels on X.
In Subsection 2.2, we give the geometric interpretation for the twisted orbital
integrals associated with γσ. We show that they vanish on commutators.
In Subsection 2.3, when replacing F by Λ·(T ∗X ⊕N∗)⊗C∞,b(TX ⊕N,R)⊗F ,
we extend the definition of the twisted orbital integrals.
Finally, in Subsection 2.4, we rederive a twisted version of Selberg trace formula
for the locally symmetric space Z.
2.1. An algebra of invariant kernels on X. Recall that (E, ρE) is a unitary
representation of K, and that F = G ×K E is the associated Hermitian vector
bundle on X. As in [12, Chapter 4], we introduce a vector space Q of continuous
invariant kernels as follows.
Definition 2.1.1. Let Q be the vector space of continuous maps q ∈ C(G,End(E))
which satisfy that
• There exist C,C ′ > 0, such that
(2.1.1) |q(g)| ≤ C exp(−C ′d2(p1, pg)), ∀ g ∈ G.
• For k, k′ ∈ K, we have
(2.1.2) q(kgk′) = ρE(k)q(g)ρE(k′).
Let Cb(G,E) be the set of bounded continuous functions on G valued in E. For
q ∈ Q and g, g′ ∈ G, put
(2.1.3) q(g, g′) = q(g−1g′) ∈ End(E).
Then q(g, g′) defines an integral operator Q acting on Cb(G,E). By (2.1.2), (2.1.3),
Q is also a G-invariant integral operator acting on Cb(X,F ). Let q(x, x′) ∈
Hom(Fx′ , Fx) be the corresponding continuous kernel on X × X, which is just
the descent of q(g, g′) to X ×X.
If q, q′ ∈ Q, their convolution is
(2.1.4) q ∗ q′(g) =
∫
G
q(g′)q′((g′)−1g)dg′,
which defines QQ′. Then (Q, ∗) becomes an algebra.
Fix σ ∈ Σ. We assume that (E, ρE) extends to a unitary representation of Kσ.
Put σE = ρE(σ) ∈ Aut(E).
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Definition 2.1.2. Let Qσ be the vector subspace of the q ∈ Q such that
(2.1.5) q(σ(g)) = σEq(g)(σE)−1 ∈ End(E).
Equivalently, for any x, x′ ∈ X,
(2.1.6) qX(σ(x), σ(x′)) = σqX(x, x′)σ−1 ∈ Hom(Fσ(x′), Fσ(x)).
Then Qσ is the subalgebra of Q consisting of the kernels commuting with σ.
We can extend q ∈ Qσ to a continuous map q˜ ∈ C(Gσ,End(E)) by setting
(2.1.7) q˜(gµ) = q(g)ρE(µ) ∈ End(E) , g ∈ G,µ ∈ Σσ.
Then it lifts to a continuous kernel defined on Gσ ×Gσ such that
(2.1.8) q˜(gµ, hµ′) = q˜((gµ)−1hµ′) ∈ End(E).
The operator Q can be also expressed as the integral operator on CbKσ (G
σ, E)
associated with kernel q˜.
2.2. Twisted orbital integrals. We always assume that σ ∈ Σ and γ ∈ G is as
follows
(2.2.1) γ = eak−1 ∈ G, a ∈ p, k ∈ K, Ad(k)a = σa.
Then γσ is semisimple.
If q ∈ Qσ, then for x ∈ X, we have γσq(x, γσ(x)) ∈ End(Fγσ(x)). Therefore,
TrF [γσq(x, γσ(x))] is well-defined function on X. Let h(y) be a compactly sup-
ported bounded measurable function on X(γσ). Then we have an analogue of [12,
Theorem 4.2.1] as follows.
Proposition 2.2.1. The function TrF [γσq(x, γσ(x))]h(pγσx) is integrable on X.
Moreover, ∫
X
TrF [γσq(x, γσ(x))]h(pγσx)dx
=
∫
p⊥σ (γ)
TrE [σEq(e−fγeσf )]r(f)df
∫
X(γσ)
h(y)dy.
(2.2.2)
Proof. Using (1.6.5) and (2.1.1), the proof of this proposition is the same as the
proof of [12, Theorem 4.2.1]. 
Recall that the measures dv0, dv are defined in Subsection 1.6. By (1.6.11),
(1.6.12), and using the fact that the Haar measures of K, K0σ(γ), Kσ(γ) have
volume 1, we have∫
p⊥σ (γ)
TrE [σEq(e−fγeσf )]r(f)df =
∫
Z0σ(γ)\G
TrE [σEq(v−1γσ(v))]dv0
=
∫
Zσ(γ)\G
TrE [σEq(v−1γσ(v))]dv.
(2.2.3)
Let Zσ(γσ) denote the centralizer of γσ in Gσ. An analogue of (1.6.11) for the
pair (Gσ,Kσ, Zσ(γσ)) still holds. Then the above integrals can be rewritten as
integrals on the quotient Zσ(γσ)\Gσ with the kernel q˜ defined in (2.1.7). More
precisely, put
(2.2.4) dk˜ = dkdµ.
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Then dk˜ is the normalized Haar measure on Kσ. Let dk˜σ be the normalized Haar
measure on Kσ(γσ), and let dµ˜σ be the Kσ-invariant measure on Kσ(γσ)\Kσ such
that
(2.2.5) dk˜ = dk˜σdµ˜σ.
Then by (1.6.11), we get that
(2.2.6) dv˜σ = r(f)dfdµ˜σ
is a measure on Zσ(γσ)\Gσ. Then
(2.2.7)
∫
p⊥σ (γ)
TrE [σEq(e−fγeσf )]r(f)df =
∫
Zσ(γσ)\Gσ
TrE [q˜(v˜−1γσv˜]dv˜σ.
Let [γσ] denote the conjugation class of γσ in Gσ.
Definition 2.2.2. For q ∈ Qσ, set
Tr[γσ][Q] =
∫
Z0σ(γ)\G
TrE [σEq(v−1γσ(v))]dv0
=
∫
p⊥σ (γ)
TrE [σEq(e−fγeσf )]r(f)df.
(2.2.8)
Integrals like (2.2.3), (2.2.7), (2.2.8) are called twisted orbital integrals.
By (2.2.7), the same arguments in [12, Page 80] show that Tr[γσ][Q] only depends
on the conjugacy class of γσ in Gσ.
The following proposition extends [12, Theorem 4.2.3].
Proposition 2.2.3. For Q,Q′ ∈ Qσ, we have
(2.2.9) Tr[γσ][[Q,Q′]] = 0.
Equivalently, Tr[γσ][·] is a trace on the algebra Qσ.
Proof. Using the formalism in (2.2.7) and Definition 2.2.2, we can adapt easily the
proof of [12, Theorem 4.2.3] to prove this proposition. 
2.3. Infinite dimensional orbital integrals. Let dY p, dY k denote the volume
elements on the Euclidean vector spaces p, k. Then these volume elements are
Kσ-invariant. Moreover, dY = dY pdY k is a Gσ-invariant volume element on
g. Let dY TX , dY N , dY be the corresponding volume elements on the fibres of
TX,N, TX ⊕N over X.
Let C∞,b(g,R) be the vector space of real valued smooth bounded functions on
g. We replace the finite-dimensional vector space E by the infinite dimensional
space E = Λ·(p∗ ⊕ k∗) ⊗ C∞,b(g,R) ⊗ E equipped with the natural action of Kσ.
Then the vector bundle F on X is replaced by
(2.3.1) F = Λ·(T ∗X ⊕N∗)⊗ C∞,b(TX ⊕N,R)⊗ F.
Let Cb(X̂ , pi∗(Λ·(T ∗X ⊕N∗)⊗ F )) be the space of continuous bounded sections of
pi∗(Λ·(T ∗X ⊕N∗)⊗ F ) over X̂ .
The group Kσ acts on Cb(Gσ × g,Λ·(p∗ ⊕ k∗) ⊗ E), so that if s ∈ Cb(Gσ ×
g,Λ·(p∗ ⊕ k∗)⊗ E) then for k˜ ∈ Kσ
(2.3.2) (k˜ · s)(g˜, Y ) = ρΛ·(p∗⊕k∗)⊗E(k˜)s(g˜k˜,Ad(k˜−1)Y ).
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Let CbKσ (G
σ × g,Λ·(p∗ ⊕ k∗) ⊗ E) be the vector space of Kσ-invariant continuous
bounded function on Gσ × g with values in Λ·(p∗ ⊕ k∗)⊗ E. Then we have
Cb(X̂ , pi∗(Λ·(T ∗X ⊕N∗)⊗ F )) = CbKσ (Gσ × g,Λ·(p∗ ⊕ k∗)⊗ E)
= CbK(G× g,Λ·(p∗ ⊕ k∗)⊗ E).
(2.3.3)
Definition 2.3.1. Let Qσ be the vector space of continuous kernels q(g, Y, Y ′) defined
on G× g× g with values in End(Λ·(p∗ ⊕ k∗)⊗ E) such that
• If g ∈ G, k, k′ ∈ K,Y, Y ′ ∈ g, then
q(kgk′, Y, Y ′)
= ρΛ
·(p∗⊕k∗)⊗E(k)q(g,Ad(k−1)Y,Ad(k′)Y ′)ρΛ
·(p∗⊕k∗)⊗E(k′).
(2.3.4)
• Put σΛ·(p∗⊕k∗)⊗E = ρΛ·(p∗⊕k∗)⊗E(σ) ∈ Aut(Λ·(p∗ ⊕ k∗)⊗ E), then
(2.3.5) q(σ(g), σY, σY ′) = σΛ
·(p∗⊕k∗)⊗Eq(g, Y, Y ′)(σΛ
·(p∗⊕k∗)⊗E)−1.
• There exist C,C ′ > 0 such that
(2.3.6) |q(g, Y, Y ′)| ≤ C exp(−C ′(d2(p1, pg) + |Y |2 + |Y ′|2)).
We will denote by Qσ,∞ the subspace of Qσ consisting of smooth kernels.
If q ∈ Qσ, put q((g, Y ), (g′, Y ′)) = q(g−1g′, Y, Y ′). If s ∈ CbK(G×g,Λ·(p∗⊕ k∗)⊗
E), put
(2.3.7) (Qs)(g, Y ) =
∫
G×g
q((g, Y ), (g′, Y ′))s(g′, Y ′)dg′dY ′.
By (2.3.4), (2.3.6), Q is an operator acting on CbK(G× g,Λ·(p∗ ⊕ k∗)⊗E). Equiv-
alently, the operator Q acts on Cb(X̂ , pi∗(Λ·(T ∗X ⊕ N∗) ⊗ F )) with a continuous
kernel q((x, Y ), (x′, Y ′)).
The action of σ on CbK(G× g,Λ·(p∗ ⊕ k∗)⊗ E) is represented by
(2.3.8) (σs)(g, Y ) = σΛ
·(p∗⊕k∗)⊗Es(σ−1(g), σ−1Y ).
Then (2.3.5) is equivalent to Qσ = σQ. Therefore, Q commutes with Gσ.
By [12, Proposition 4.3.2] and using the fact that σ preserves dxdY , Qσ is an
algebra with respect to the convolution of kernels. Let [·, ·] denote the supercom-
mutator with respect to the Z2-graded structure of End(Λ·(p∗ ⊕ k∗) ⊗ E), and let
Trs
Λ·(p∗⊕k∗)⊗E [·] be the supertrace on End(Λ·(p∗ ⊕ k∗)⊗ E).
If g ∈ G, let q(g) be the operator on E defined by the kernel q(g, Y, Y ′). Let
σE ∈ End(E) denote the action of σ on E . Then for g ∈ G, σEq(g−1γσ(g)) act-
ing on E is given by the continuous kernel σΛ·(p∗⊕k∗)⊗Eq(g−1γσ(g), σ−1Y, Y ′) on
g × g. When restricting to the diagonal, this kernel is continuous. By (2.3.6),
Trs
Λ·(p∗⊕k∗)⊗E [σΛ
·(p∗⊕k∗)⊗Eq(g−1γσ(g), σ−1Y, Y )] is integrable on Y ∈ g.
If σEq(g−1γσ(g)) is trace class, by [24, Proposition 3.1.1], we get
Trs
E [σEq(g−1γσ(g))]
=
∫
g
Trs
Λ·(p∗⊕k∗)⊗E [σΛ
·(p∗⊕k∗)⊗Eq(g−1γσ(g), σ−1Y, Y )]dY.
(2.3.9)
Remark 2.3.2. A sufficient condition for our operator to be trace class is that the
kernel together with its derivatives in Y, Y ′ of arbitrary orders lie in the Schwartz
space of g× g.
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By (2.3.6), there exists Cγσ > 0 such that∣∣∣∣ ∫
g
Trs
Λ·(p∗⊕k∗)⊗E [σΛ
·(p∗⊕k∗)⊗Eq(g−1γσ(g), σ−1Y, Y )]dY
∣∣∣∣
≤ Cγσ exp(−C ′d2(pg, γσpg)).
(2.3.10)
By (1.6.5), the arguments in the proof of Proposition 2.2.1 show that the left-hand
side of (2.3.10) is integrable on p⊥σ (γ).
We extend the notion of the twisted orbital integrals to the infinite dimensional
case, which also extends [12, Definition 4.3.3].
Definition 2.3.3. If Q is given by q ∈ Qσ, we define Trs[γσ][Q] as follows,
Trs
[γσ][Q] =
∫
(Z0σ(γ)\G)×g
Trs
Λ·(p∗⊕k∗)⊗E [σΛ
·(p∗⊕k∗)⊗Eq(v−1γσ(v), Y, σY )]dvdY
=
∫
p⊥σ (γ)×g
Trs
Λ·(p∗⊕k∗)⊗E [σΛ
·(p∗⊕k∗)⊗Eq(e−fγeσf , Y, σY )]r(f)dfdY.
(2.3.11)
Expressions such as (2.3.11) are called twisted orbital supertraces.
If σEq(g−1γσ(g)) is trace class for g ∈ G, by (2.3.9), we can rewrite (2.3.11) as
(2.3.12) Trs
[γσ][Q] =
∫
p⊥σ (γ)
Trs
E [σEq(e−fγeσf )]r(f)df.
The following proposition extends [12, Theorem 4.3.4].
Proposition 2.3.4. If Q,Q′ ∈ Qσ, then
(2.3.13) Trs
[γσ][[Q,Q′]] = 0.
Proof. By the above constructions, the proof of our proposition is just a modifica-
tion of the proof of Proposition 2.2.3. 
2.4. A twisted trace formula for locally symmetric spaces. Let Γ be a co-
compact discrete subgroup of G. Let σ ∈ Σ be such that σ(Γ) = Γ. We still assume
that F is associated with a finite-dimensional unitary representation (E, ρE) of Kσ.
Put Z = Γ\X = Γ\G/K. We use the notation in Subsection 1.8. Recall that
Σσ acts isometrically on Z and its action lifts to an action on the bundles TZ, F .
For simplicity, we assume that Γ is torsion free, then Z is a compact smooth
manifold. Let dz be the volume element of Z induced by the Riemannian metric.
We still denote by dg the volume element on Γ\G induced by dg.
Let Q be an operator with kernel q ∈ Qσ. Then Q descends to an operator QZ
acting on C(Z,F ). Let qZ(z, z′), z, z′ ∈ Z be the continuous kernel of QZ over Z.
We also denote by z, z′ their arbitrary lifts in X. Then by [12, eq.(4.8.6)],
(2.4.1) qZ(z, z′) =
∑
γ∈Γ
γqX(γ−1z, z′) =
∑
γ∈Γ
qX(z, γz′)γ.
Note that σ acts on C∞(Z,F ), we will denote it by σZ . Then σQ descends to
σZQZ . By (2.1.6), (2.4.1), the kernel of σZQZ is given by
(2.4.2) (σZQZ)(z, z′) =
∑
γ∈Γ
qX(z, γσ(z′))γσ.
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By (1.8.31), (σZQZ)(z, z′) lifts to G×G, so that
(2.4.3) (σZQZ)(g, g′) =
∑
γ∈Γ
q(g−1γσ(g′))σE ∈ End(E).
If σZQZ is trace class, then
(2.4.4) Tr[σZQZ ] =
∫
Z
TrF [(σZQZ)(z, z)]dz =
∫
Γ\G
TrE [(σZQZ)(g, g)]dg.
Recall that [Γ]σ is the set of σ-twisted conjugacy classes in Γ. If [γ0]
σ
∈ [Γ]σ, set
(2.4.5) q
X,[γ0]
σ (g, g′) =
∑
γ∈[γ0]
σ
q(g−1γσ(g′))σE .
Then (2.4.3) can be rewritten as
(2.4.6) (σZQZ)(g, g′) =
∑
[γ]
σ
∈[Γ]σ
q
X,[γ]
σ (g, g′).
The function q
X,[γ]
σ (g, g) is left Γ-invariant on G. Put
(2.4.7) Tr[Q
Z,[γ]
σ ] =
∫
Z
Tr[q
X,[γ]
σ (z, z)]dz.
Then
(2.4.8) Tr[σZQZ ] =
∑
[γ]
σ
∈[Γ]σ
Tr[Q
Z,[γ]
σ ].
Since the Haar measure dk on K is normalized, we get that
(2.4.9) Tr[Q
Z,[γ]
σ ] =
∫
Γ\G
Tr[q
X,[γ]
σ (g, g)]dg.
By (1.8.1), we get
(2.4.10) Tr[Q
Z,[γ]
σ ] =
∫
Γ∩Zσ(γ)\G
TrE [σEq(g−1γσ(g))]dg.
We use the notation in Subsection 2.2. By (2.4.10), we get
(2.4.11) Tr[Q
Z,[γ]
σ ] = Vol(Γ ∩ Zσ(γ)\Zσ(γ))
∫
Zσ(γ)\G
TrE [σEq(v−1γσ(v))]dv.
Since Γ is torsion free, Γ ∩ Zσ(γ) acts freely on X(γσ). By Lemma 1.8.1, Γ ∩
Zσ(γ)\Zσ(γ) is a compact smooth manifold. Let Kσ(γ) be a maximal compact
subgroup of Zσ(γ) such that X(γσ) = Zσ(γ)/Kσ(γ). The group Kσ(γ) acts freely
on the right on Γ ∩ Zσ(γ)\Zσ(γ), so that
(2.4.12) Vol(Γ ∩ Zσ(γ)\Zσ(γ)) = Vol(Kσ(γ))Vol(Γ ∩ Zσ(γ)\X(γσ))
By (2.2.8), we have
(2.4.13)
Vol(Kσ(γ))
Vol(K)
∫
Zσ(γ)\G
TrE [σEq(v−1γσ(v))]dv = Tr[γσ][Q].
Then using the fact that Vol(K) = 1, (2.4.11) can be rewritten as
(2.4.14) Tr[Q
Z,[γ]
σ ] = Vol(Γ ∩ Zσ(γ)\X(γσ))Tr[γσ][Q].
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Combining (2.4.8) and (2.4.14), if σZQZ is trace class, then
(2.4.15) Tr[σZQZ ] =
∑
[γ]
σ
∈[Γ]σ
Vol(Γ ∩ Zσ(γ)\X(γσ))Tr[γσ][Q].
3. A formula for semisimple twisted orbital integrals
The purpose of this section is to present the main results in this paper. We
get an explicit geometric formula for the twisted orbital integrals associated with
heat kernels of the Casimir operator, which is an extension of Bismut’s formula
for semisimple orbital integrals [12, Theorem 6.1.1]. The proof of this formula is
deferred to Section 5. The main tool that we will use is the theory of hypoelliptic
Laplacian of Bismut [12], which will be recalled in Section 4.
This section is organized as follows. In Subsection 3.1, we introduce an explicit
analytic function Jγσ on kσ(γ).
In Subsection 3.2, we present the main result.
In Subsection 3.3, we extend our formula to the twisted orbital integrals for wave
operators.
3.1. The function Jγσ(Y
k
0 ) on kσ(γ). The function Â(x) is given by
(3.1.1) Â(x) =
x/2
sinh(x/2)
.
LetH be a finite-dimensional Hermitian vector space. If B ∈ End(H) is self-adjoint,
then
B/2
sinh(B/2)
is a self-adjoint positive endomorphism. Put
(3.1.2) Â(B) = det 1/2
[
B/2
sinh(B/2)
]
.
Recall that Σ was defined in Subsection 1.3. If γ ∈ G, σ ∈ Σ are such that γσ
is semisimple, as in Sections 1, 2, we may and we will assume that γ = eak−1 with
a ∈ p, k ∈ K, and Ad(k)a = σa.
We use the same notation as in Subsection 1.7. Recall that z0 = z(a) = p0 ⊕ k0,
and that zσ(γ) is a Lie subalgebra of z0. Also z
⊥
σ,0(γ) is the orthogonal space to
zσ(γ) in z0. We have
(3.1.3) z⊥σ,0(γ) = p
⊥
σ,0(γ)⊕ k⊥σ,0(γ).
For Y k0 ∈ kσ(γ), ad(Y k0 ) preserves pσ(γ), kσ(γ), p⊥σ,0(γ), k⊥σ,0(γ), and it is an antisym-
metric endomorphism with respect to the scalar product.
If Y k0 ∈ kσ(γ), as explained in [12, pp. 105], the following function in Y k0 has a
natural square root, which depends analytically on Y k0 ,
(3.1.4) det(1− exp(−iθad(Y k0 ))ad(k−1σ))|z⊥σ,0(γ) det(1−Ad(k
−1σ))|z⊥σ,0(γ).
We will denote the above square root by
(3.1.5)
[
det(1− exp(−iθad(Y k0 ))ad(k−1σ))|z⊥σ,0(γ) det(1−Ad(k
−1σ))|z⊥σ,0(γ)
]1/2
.
If Y k0 = 0, then this square root has the value det(1−Ad(k−1σ))|z⊥σ,0(γ).
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In (3.1.5), we may as well replace z⊥σ,0(γ) by p
⊥
σ,0(γ) or k
⊥
σ,0(γ), where θ acts as −1
or 1. Then the following function A(Y k0 ) has a natural square root that is analytic
in Y k0 ∈ kσ(γ),
(3.1.6)
A(Y k0 ) =
1
det(1− ad(k−1σ))|z⊥σ,0(γ)
·
det(1− exp(−iad(Y k0 ))ad(k−1σ))|k⊥σ,0(γ)
det(1− exp(−iad(Y k0 ))ad(k−1σ))|p⊥σ,0(γ)
Its square root is denoted by
(3.1.7)
[
1
det(1− ad(k−1σ))|z⊥σ,0(γ)
·
det(1− exp(−iad(Y k0 ))ad(k−1σ))|k⊥σ,0(γ)
det(1− exp(−iad(Y k0 ))ad(k−1σ))|p⊥σ,0(γ)
]1/2
.
We extends the definition of the function Jγ in [12, eq. (5.5.5)] to our case.
Definition 3.1.1. Let Jγσ(Y
k
0 ) be the analytic function of Y
k
0 ∈ kσ(γ) given by
Jγσ(Y
k
0 ) =
1
|det(1−Ad(γσ))|z⊥0 |1/2
Â(iad(Y k0 )|pσ(γ))
Â(iad(Y k0 )|kσ(γ))[
1
det(1−Ad(k−1σ))|z⊥σ,0(γ)
det(1− exp(−iad(Y k0 ))Ad(k−1σ))|k⊥σ,0(γ)
det(1− exp(−iad(Y k0 ))Ad(k−1σ))|p⊥σ,0(γ)
]1/2
.
(3.1.8)
By (3.1.8), there exist cγσ, Cγσ > 0 such that,
(3.1.9) |Jγσ(Y k0 )| ≤ cγσ exp(Cγσ|Y k0 |).
Remark 3.1.2. If t > 0, if we replace B by B/t, the function Jγσ is unchanged.
3.2. A formula for the twisted orbital integrals for the heat kernel. Let
Ug be the universal enveloping algebra of g. If we identify g to the vector space of
left-invariant vector fields on G, then the enveloping algebra Ug is identified with
the algebra of left-invariant differential operators on G.
Let Cg ∈ Ug be the Casimir element of G associated with the bilinear form B.
If e1, · · · , em+n is a basis of g and if e∗1, · · · , e∗m+n is the dual basis of g with respect
to B, then
(3.2.1) Cg = −
m+n∑
i=1
e∗i ei.
Also Cg lies in the center of Ug and commutes with G˜.
The scalar product 〈·, ·〉 of g is given by −B(·, θ·). If e1, · · · , em is an orthonormal
basis of p, and if em+1, · · · , em+n is an orthonormal basis of k, by (3.2.1), we have
(3.2.2) Cg = −
m∑
i=1
e2i +
m+n∑
i=m+1
e2i .
Set
(3.2.3) Cg,H = −
m∑
i=1
e2i , C
k =
m+n∑
i=m+1
e2i .
Note that Ck ∈ Uk is just the Casimir element of K associated with B|k.
By (3.2.1) - (3.2.3), we have
(3.2.4) Cg = Cg,H + Ck.
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We assume that (E, ρE) is a unitary finite-dimensional representation of Kσ, so
that F = G×K E is a homogeneous vector bundle on X equipped with the action
of Gσ.
The operator Cg acts on C∞(X,F ) via the identification (1.1.13). Let Cg,X
denote the action of Cg on C∞(X,F ), which commutes with Gσ. Let ∆H,X denote
the Bochner Laplacian acting on C∞(X,F ). Then Cg,H descends to −∆H,X .
Let Ck,E ∈ End(E) denote the action of Ck on E given by
(3.2.5) Ck,E =
m+n∑
i=m+1
ρE,2(ei).
Then Ck,E descends to a parallel section Ck,F of End(F ) which commutes with Gσ.
By (3.2.4), we get
(3.2.6) Cg,X = −∆H,X + Ck,F .
Let κg ∈ Λ3(g∗) be such that if a, b, c ∈ g,
(3.2.7) κg(a, b, c) = B([a, b], c).
The form κg is invariant by the adjoint action of GoΣ. We can view κg as a closed
left and right invariant 3-form on G.
Let B∗ be the bilinear form on Λ·(g∗) given by (4.1.4). Let Ck,k ∈ End(k),
Ck,p ∈ End(p) be the actions of Ck on k, p respectively via the adjoint actions of k
as in (3.2.5). By [12, Eqs.(2.6.4), (2.6.11)],
(3.2.8) B∗(κg, κg) =
1
6
m+n∑
i,j=1
B([ei, ej ], [e
∗
i , e
∗
j ]) =
1
2
Trp[Ck,p] +
1
6
Trk[Ck,k].
We recall the definition of the elliptic operator LX in [12, Definition 2.13.1].
Definition 3.2.1. Let LX be the operator acting on C∞(X,F ),
(3.2.9) LX = 1
2
Cg,X +
1
8
B∗(κg, κg).
Then LX commutes with Gσ.
Let A be a self-adjoint element of End(E) which commutes with the action of
Kσ. Then A descends to a self-adjoint parallel section of End(F ) which commutes
with Gσ.
Definition 3.2.2. Let LXA be the operator acting on C∞(X,F ),
(3.2.10) LXA = LX +A.
From [12, Section 4.4], for t > 0, the operator exp(−tLXA ) has a smooth kernel
pXt (x, x
′) with respect to the volume element dx on X.
Proposition 3.2.3. For t > 0, pXt ∈ Qσ.
Proof. This follows from [12, Proposition 4.4.2] and from the fact that LX com-
mutes with the action of σ. 
It follows from Subsection 2.2 and Proposition 3.2.3 that for t > 0, the twisted
orbital integral Tr[γσ][exp(−tLXA )] is well-defined.
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Theorem 3.2.4. For any t > 0, the following identity holds:
Tr[γσ][exp(−tLXA )] =
exp(−|a|2/2t)
(2pit)p/2
·
∫
kσ(γ)
Jγσ(Y
k
0 )Tr
E [ρE(k−1σ) exp(−iρE(Y k0 )− tA)]e−|Y
k
0 |2/2t dY
k
0
(2pit)q/2
.
(3.2.11)
Proof. The proof of our theorem will be given in Section 5. 
3.3. The twisted orbital integrals of wave operators. Let ∆zσ(γ) be the stan-
dard Laplacian on zσ(γ) with respect to the scalar product on zσ(γ). For t > 0, let
exp(t∆zσ(γ)/2) be the corresponding heat operator. Let y, Y k0 denote the elements
in pσ(γ), kσ(γ) respectively. Let dydY
k
0 be the Euclidean volume element of zσ(γ),
and let exp(t∆zσ(γ)/2)((y, Y k0 ), (y
′, Y k
′
0 )) denote the smooth kernel of exp(t∆
zσ(γ)/2)
with respect to dy′dY k
′
0 .
Let δy=a be a distribution on zσ(γ) = pσ(γ) ⊕ kσ(γ) associated with the affine
subspace {y = a}. Then Jγσ(Y k0 )ρE(k−1σ) exp(−iρE(Y k0 ))δy=a is a distribution on
zσ(γ) with values in End(E). Applying the heat operator exp(t∆
zσ(γ)/2 − tA) to
this distribution, we get a smooth function over zσ(γ) with values in End(E). This
function can be evaluated at 0 ∈ zσ(γ). Then Theorem 3.2.4 can be rewritten as
follows,
Tr[γσ][exp(−tLXA )] = TrE
[
exp(t∆zσ(γ)/2− tA)
[Jγσ(Y
k
0 )ρ
E(k−1σ) exp(−iρE(Y k0 ))δy=a]
]
(0).
(3.3.1)
Let S(R) be the Schwartz space of R, let Seven(R) be the space of even functions
in S(R). The Fourier transform of µ ∈ S(R) is given by
(3.3.2) µ̂(y) =
∫
R
e−2ipiyxµ(x)dx.
Take µ ∈ Seven(R), then µ̂ ∈ Seven(R). We now assume that there exists C > 0
such that for any k ∈ N, there exists ck > 0 such that
(3.3.3) |µ̂(k)(y)| ≤ ck exp(−C|y|2).
Then µ(
√LX +A) is a self-adjoint operator with a smooth kernel. We denote
its smooth kernel by µ(
√LX +A)(x, x′) ∈ Hom(Fx′ , Fx), x, x′ ∈ X. As explained
in [12, Section 6.2], we have
(3.3.4) µ(
√
LX +A) ∈ Q.
This is a consequence of the finite propagation speed for wave operators. We refer
to [60, Section 4.4] for more details.
Since σ commutes with LX + A, we can get µ(√LX +A) ∈ Qσ. Then the cor-
responding twisted orbital integral Tr[γσ][µ(
√LX +A)] is well-defined. Similarly,
the kernel of µ(
√
−∆zσ(γ)/2 +A) on zσ(γ) also has a Gaussian-like decay. Now we
give an extension of [12, Theorem 6.2.2].
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Theorem 3.3.1. The following identity holds:
Tr[γσ]
[
µ(
√
LX +A)] =TrE[µ(√−∆zσ(γ)/2 +A)Jγσ(Y k0 )
ρE(k−1σ) exp(−iρE(Y k0 ))δy=a
]
(0).
(3.3.5)
Proof. Using Theorem 3.2.4 and by (3.1.9), (3.3.1), (3.3.3), an easy modification of
the proof of [12, Theorem 6.2.2] proves our theorem. 
Let Tr[γσ][cos(s
√LX +A)] be the even distribution on s ∈ R such that for any
µ ∈ Seven(R) with µ̂ having compact support,
(3.3.6) Tr[γσ][µ(
√
LX +A)] =
∫
R
µ̂(s)Tr[γσ][cos(s
√
LX +A)]ds.
Let P⊥σ (γ) ⊂ X be the image of p⊥σ (γ) by the map f → pef . Put
(3.3.7) ∆γσX = {(x, γσ(x)) | x ∈ P⊥σ (γ)}.
Then ∆γσX is a submanifold of X × X. We view R × ∆γσX as a distribution on
R×X ×X.
The same as in [12, Section 6.3], by analyzing the wave front sets for both
cos(s
√LX +A) and R×∆γσX ([35, Theorem 8.2.10], [36, Theorem 23.1.4]), we get
that the distribution γσ cos(s
√LX +A)(R ×∆γσX ) is well-defined on R × X × X.
Using again the finite propagation speed of cos(s
√LX +A), we see that the push-
forward of TrF [γσ cos(s
√LX +A)](R×∆γσX ) by the projection R×X ×X → R is
well-defined, which will be denoted by
(3.3.8)
∫
∆γσX
TrF [γσ cos(s
√
LX +A)].
By (2.2.8), (3.3.6) and (3.3.7), we have the identity of even distributions on R,
(3.3.9) Tr[γσ][cos(s
√
LX +A)] =
∫
∆γσX
TrF [γσ cos(s
√
LX +A)].
We define the even distribution on R,
(3.3.10) TrE
[
cos
(
s
√
−∆zσ(γ)/2 +A)Jγσ(Y k0 )ρE(k−1σ) exp(−iρE(Y k0 ))δy=a](0)
by
TrE
[
µ
(√−∆zσ(γ)/2 +A)Jγσ(Y k0 )ρE(k−1σ) exp(−iρE(Y k0 ))δy=a](0)
=
∫
R
µ̂(s)TrE
[
cos
(
2pis
√
−∆zσ(γ)/2 +A)Jγσ(Y k0 )
ρE(k−1σ) exp(−iρE(Y k0 ))δy=a
]
(0).
(3.3.11)
Let (a, kσ(γ)) denote the affine subspace of zσ(γ) = pσ(γ)⊕ kσ(γ). Set
(3.3.12) Hγσ = {0} × (a, kσ(γ)) ⊂ zσ(γ)× zσ(γ).
Then we have the tautological identification of even distributions on R,
TrE
[
cos
(
s
√
−∆zσ(γ)/2 +A)Jγσ(Y k0 )ρE(k−1σ) exp(−iρE(Y k0 ))δy=a](0)
=
∫
Hγσ
TrE
[
cos
(
s
√
−∆zσ(γ)/2 +A)Jγσ(Y k0 )ρE(k−1σ) exp(−iρE(Y k0 ))].(3.3.13)
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This is an analogue of (3.3.9).
We get an extension of [12, Theorem 6.3.2] for the twisted orbital integrals for
wave operators.
Theorem 3.3.2. We have the identity of even distributions on R supported on
{s ∈ R : |s| ≥ √2|a|} with singular support included in ±√2|a|,∫
∆γσX
TrF [γσ cos(s
√
LX +A)]
=
∫
Hγσ
TrE [cos(s
√
−∆zσ(γ)/2 +A)Jγσ(Y k0 )ρE(k−1σ) exp(−iρE(Y k0 ))].
(3.3.14)
Proof. The supports and singular supports of the above distributions follows from
[12, Proposition 6.3.1]. Using Theorem 3.3.1, (3.3.6), (3.3.9), (3.3.11), (3.3.13), we
get (3.3.14). This completes the proof of our theorem. 
4. The hypoelliptic Laplacian on X
The purpose of this section is to recall the construction of the hypoelliptic Lapla-
cian of Bismut [12, Chapter 2].
This section is organized as follows. In Subsection 4.1, we recall the definition
of Clifford algebra.
In Subsection 4.2, we introduce the harmonic oscillator on g with respect to the
bilinear form B.
In Subsection 4.3, we introduce the Dirac operator of Kostant.
In Subsection 4.4, for b > 0, we introduce the operator Db acting on C
∞(G ×
g,Λ·(g∗)), which descends to an operator DXb acting on C
∞(X̂ , pi∗(Λ·(T ∗X⊕N∗)⊗
F )).
Finally, in Subsection 4.5, we introduce the hypoelliptic Laplacian LXb [12, Sec-
tion 2.13], and we recall some results on its heat kernels obtained in [12, Chapters
9 and 11].
4.1. Clifford algebras. Let V be a real vector space of dimension m equipped
with a real-valued symmetric bilinear form B. The Clifford algebra c(V ) of V with
respect to B is the algebra generated by 1 and a ∈ V and the relations, for a, b ∈ V ,
then
(4.1.1) ab+ ba = −2B(a, b).
We will denote by ĉ(V ) the Clifford algebra of V associated with −B. Also they
are Z2-graded algebras, we write
(4.1.2) c(V ) = c+(V )⊕ c−(V ), ĉ(V ) = ĉ+(V )⊕ ĉ−(V ).
Now we assume that B is nondegenerate. Then B induces an isomorphism ϕ
between V and V ∗ such that if a, b ∈ V , then
(4.1.3) 〈ϕa, b〉 = B(a, b).
Let B∗ be the corresponding bilinear form on V ∗, i.e., if α, β ∈ V ∗, then
(4.1.4) B∗(α, β) = B(ϕ−1α,ϕ−1β) = 〈α,ϕ−1β〉.
Then B∗ induces a nondegenerate symmetric bilinear form on Λ·(V ∗), which we
still denote by B∗.
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If a ∈ V , let c(a), ĉ(a) ∈ End(Λ·(V ∗)) be given by
(4.1.5) c(a) = ϕ(a) ∧ − ia, ĉ(a) = ϕ(a) ∧+ ia.
Then c(a), ĉ(a) are odd operators, which are respectively antisymmetric, symmetric
with respect to B∗.
If a, b ∈ V , then
(4.1.6) [c(a), c(b)] = −2B(a, b), [ĉ(a), ĉ(b)] = 2B(a, b), [c(a), ĉ(b)] = 0.
By (4.1.6), Λ·(V ∗) is a c(V )⊗̂ĉ(V ) module. If D ∈ c(V ) or ĉ(V ), then we denote
by c(D) or ĉ(D) the corresponding actions on Λ·(V ∗) defined by (4.1.5).
Let e1, · · · , em be a basis of V , and let e∗1, · · · , e∗m be the dual basis of V with
respect to B, so that B(ei, e
∗
j ) = δij . Let e
1, · · · , em be the basis of V ∗ which is
dual to the basis e1, · · · , em. Then ei = ϕ(e∗i ).
Note that the symbol map σ : c(V ) → Λ·(V ∗) is an isomorphism of Z2-graded
vector spaces. If α ∈ Λp(V ∗), then the inverse map of σ is given by
(4.1.7) c(α) =
1
p!
∑
1≤i1,··· ,ip≤m
α(e∗i1 , · · · , e∗ip)c(ei1) · · · c(eip) ∈ c(V ).
Let A(V ) be the Lie algebra of endomorphisms of V that are antisymmetric with
respect to B. Then A(V ) embeds as a Lie algebra in c(V ). If A ∈ A(V ), the image
c(A) of A in c(V ) is given by
(4.1.8) c(A) =
1
4
∑
i,j
B(Ae∗i , e
∗
j )c(ei)c(ej).
Note that A ∈ A(V ) defines naturally an element α ∈ Λ2(V ∗) by
(4.1.9) α =
1
2
∑
i,j
B(Aei, ej)e
i ∧ ej .
Then c(α) = 2c(A) ∈ c(V ).
When replacing B by −B, e∗i is changed to −e∗i , and c(ei) is changed to −ĉ(ei).
If A ∈ A(V ), then it is also antisymmetric with respect to −B. We denote by ĉ(A)
the corresponding element in ĉ(V ). By (4.1.8), we get
(4.1.10) ĉ(A) = −1
4
∑
i,j
B(e∗i , e
∗
j )ĉ(ei)ĉ(ej).
If A ∈ End(V ), then A induces an action on Λ·(V ∗). By [12, eq.(1.1.14)], if
A ∈ A(V ), then
(4.1.11) A|Λ·(V ∗) = c(A) + ĉ(A).
Definition 4.1.1. The number operator NΛ
·(V ∗) on Λ·(V ∗) is such that, if α ∈
Λp(V ∗), then
(4.1.12) NΛ
·(V ∗)α = pα.
We refer to [41, Chapter I], [8, Chapter 3], [12, Chapter 1] for more detailed
discussions on Clifford algebras.
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4.2. Harmonic oscillators. Let c(g), ĉ(g) be the Clifford algebras associated with
(g, B), (g,−B). By restricting B to p, k, we get the Clifford algebras c(p), ĉ(p),
c(k), ĉ(k). By (1.1.1), we have
(4.2.1) c(g) = c(p)⊗̂c(k), ĉ(g) = ĉ(p)⊗̂ĉ(k).
Let e1, · · · , em be an orthonormal basis of p, and let em+1, · · · , em+n be an
orthonormal basis of k.
If Y ∈ g, we split Y in the form Y = Y p + Y k with Y p ∈ p, Y k ∈ k. Set
(4.2.2) Dp =
m∑
j=1
c(ej)∇ej , Ep = ĉ(Y p).
Note that B is negative on k. We set
(4.2.3) Dk = −
m+n∑
j=m+1
c(ej)∇ej , Ek = ĉ(Y k).
Since K preserves the scalar products on p and k, the above constructions are
K-equivariant. The operators Dp, Ep, Dk, Ek are linear differential operators acting
on Λ·(g∗)⊗ C∞(g). Moreover,
(4.2.4) [Dp + Ep,−iDk + iEk] = 0.
Let ∆g be the Euclidean Laplacian of (g, 〈·, ·〉). By [12, Eqs. (2.8.8), (2.8.13)] and
(4.2.4), we get
1
2
(Dp + Ep − iDk + iEk)2 = 1
2
(−∆g + |Y |2 − (m+ n))+NΛ·(g∗).(4.2.5)
The kernel of the unbounded operator in (4.2.5) is one-dimensional line spanned by
the function exp(−|Y |2/2)/pi(m+n)/4.
4.3. The Dirac operator of Kostant. Recall that Cg ∈ Ug is defined in (3.2.1)
and that κg ∈ Λ3(g∗) is defined in (3.2.7). Let κk ∈ Λ3(k∗) be the element defined
by the same formula as in (3.2.7) with respect to (k, B|k). Then by (3.2.8), we get
(4.3.1) B∗(κk, κk) =
1
6
Trk[Ck,k].
The Clifford elements c(κg), ĉ(−κg), c(κk), ĉ(−κk) are defined as in (4.1.7). If
e ∈ k, let ad(e)|p be the restriction of ad(e) to p. Then ĉ(ad(e)|p) ∈ ĉ(p). By [12,
eq.(2.7.4)], we have
(4.3.2) ĉ(−κg) = −2
m+n∑
i=m+1
ĉ(ei)ĉ(ad(ei)|p) + ĉ(−κk).
Definition 4.3.1. Let D̂g ∈ ĉ(g)⊗ Ug be the Dirac operator,
(4.3.3) D̂g =
m+n∑
i=1
ĉ(e∗i )ei +
1
2
ĉ(−κg).
The operator D̂g is called the Dirac operators of Kostant [39].
By [12, Theorem 2.7.2], we have
(4.3.4) D̂g,2 = −Cg − 1
4
B∗(κg, κg).
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4.4. The operator DXb . As we saw in Subsection 4.3, D̂
g acts on C∞(G,Λ·(g∗)).
Recall that Dp + Ep − iDk + iEk is a differential operator acting on C∞(g,Λ·(g∗)).
Definition 4.4.1. For b > 0, let Db be the differential operator,
(4.4.1) Db = D̂
g + ic([Y k, Y p]) +
1
b
(Dp + Ep − iDk + iEk).
Then Db acts on C
∞(G× g,Λ·(g∗)).
If Y ∈ g, let Y p, Y k denote the tangent vector fields on G associated with Y p,
Y k ∈ g. The following identity is obtained in [12, Section 2.11].
Theorem 4.4.2. We have the following formula for D2b ,
D2b
2
=
D̂g,2
2
+
1
2
|[Y k, Y p]|2 + 1
2b2
(−∆p⊕k + |Y |2 −m− n) + N
Λ·(g∗)
b2
+
1
b
(
Y p + iY k − i∇g
[Y k,Y p]
+ ĉ(ad(Y p + iY k))
+2ic(ad(Y k)|p)− c(ad(Y p))
)
.
(4.4.2)
Recall that (E, ρE) is a unitary representation of Kσ. Let C∞K (G×g,Λ·(g∗)⊗E)
denote the set of K-invariant sections. Recall that pi : X̂ → X is the total space of
TX ⊕N . Then we have
(4.4.3) C∞K (G× g,Λ·(g∗)⊗ E) = C∞(X̂ , pi∗(Λ·(T ∗X ⊕N∗)⊗ F ))
Let Y = Y TX + Y N , Y TX ∈ TX, Y N ∈ N be the tautological section of
pi∗(TX ⊕N) over X̂ .
Definition 4.4.3. Let H be the vector space of smooth sections over X of the vector
bundle C∞(TX ⊕N, pi∗(Λ·(T ∗X ⊕N∗)⊗ F )).
We can identify H with C∞(X̂ , pi∗(Λ·(T ∗X ⊕ N∗) ⊗ F )). Let ∇H be the con-
nection induced by the connection form ωk on X. The Bochner Laplacian ∆H,X
acting on H is given by
(4.4.4) ∆H,X =
m∑
j=1
∇H,2ej .
By (3.2.3), (4.4.4), we have the identity of operators acting on H,
(4.4.5) Cg,H = −∆H,X .
Let e ∈ k, the vector field [e, Y ] on g is a Killing vector field. Let LV[e,Y ] be the
Lie derivative acting on C∞(g,Λ·(g∗)). Then by [12, eq.(2.12.4)],
(4.4.6) LV[e,Y ] = ∇[e,Y ] − (c+ ĉ)(ad(e)).
By [12, eq.(2.12.16)], we have the identity of operators acting on H,
(4.4.7) Ck =
m+n∑
j=m+1
(LV[ej ,Y ] − ρE(ej))2.
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Note that D̂g is K-invariant. Let D̂g,X be the corresponding differential opera-
tors on the smooth sections of H. By [12, Theorem 2.12.2], we have
(4.4.8) D̂g,X =
m∑
j=1
ĉ(ei)∇Hei−
m+n∑
j=m+1
ĉ(ej)(L
V
[ej ,Y ]
+ĉ(ad(ej)|p)−ρE(ej))+ 1
2
ĉ(−κk).
Let DTX , ETX , DN , EN be the differential operator on pi∗(Λ·(T ∗X ⊕N∗)⊗ F )
along the fibre X̂ induced by Dp, Ep, Dk, Ek. Then the operator Db defined in
(4.4.1) induces an operator DXb on C
∞(TX ⊕ N, pi∗(Λ·(T ∗X ⊕ N∗) ⊗ F )). By
(4.4.1), we get
(4.4.9) DXb = D̂
g,X + ic([Y N , Y TX ]) +
1
b
(DTX + ETX − iDN + iEN ).
By [12, Theorem 2.12.5], we have
1
2
DX,2b =
1
2
D̂g,X,2 +
1
2
|[Y N , Y TX ]|2
+
1
2b2
(−∆TX⊕N + |Y |2 −m− n) + N
Λ·(T∗X⊕N∗)
b2
+
1
b
(
∇HY TX + ĉ(ad(Y TX))− c(ad(Y TX) + iθad(Y N ))− iρE(Y N )
)
.
(4.4.10)
4.5. The hypoelliptic Laplacian. Recall thatA ∈ End(E) is aKσ-invariant such
that it gives a parallel section of End(F ) on X. Recall that for t > 0, pXt (x, x
′) is
the heat kernel of LXA .
Let (·, ·) denote the Hermitian metric on Λ·(T ∗X⊕N∗)⊗F associated with 〈·, ·〉
and gF . The Cartan involution θ acts on X̂ , so that
(4.5.1) θ(Y TX + Y N ) = −Y TX + Y N .
Let dvX̂ be the volume form on X̂ coming from the Riemann metric on X and the
Euclidean scalar product on TX ⊕ N . Let η(·, ·) be the Hermitian form on the
space of smooth compactly supported sections of pi∗(Λ·(T ∗X ⊕N∗)⊗ F ) over X̂ ,
(4.5.2) η(s, s′) =
∫
X̂
(s ◦ θ, s′)dvX̂ .
As in [12, Sections 2.12 and 2.13], we put
(4.5.3) LXb = −
1
2
D̂g,X,2 +
1
2
DX,2b .
The operator LXb acts on C∞(X̂ , pi∗(Λ·(T ∗X ⊕N∗)⊗ F )).
The following result is taken from [12, Theorem 2.13.2].
Theorem 4.5.1. The operator LXb is formally self-adjoint with respect to η(·, ·).
Moreover, ∂∂t + LXb is hypoelliptic.
The operator LXb is called the hypoelliptic Laplacian associated with (G,K). By
[12, equation (2.13.5)], for b > 0, we have
LXb =
1
2
|[Y N , Y TX ]|2 + 1
2b2
(−∆TX⊕N + |Y |2 −m− n) + N
Λ·(T∗X⊕N∗)
b2
+
1
b
(
∇HY TX + ĉ(ad(Y TX))− c(ad(Y TX) + iθad(Y N ))− iρE(Y N )
)
.
(4.5.4)
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By [12, Proposition 2.15.1], we have the identity
(4.5.5) [DXb ,LXb ] = 0.
Since σ preserves B and the Cartan decomposition (1.1.1), we get that both
D̂g,X and DXb commute with G
σ, so that LXb commutes with Gσ.
The section A lifts to X̂ . As in [12, eq.(4.5.1)], let LXA,b be the differential
operator acting on C∞(X̂ , pˆi∗(Λ·(T ∗X ⊕N∗)⊗ F )) given by
(4.5.6) LXA,b = LXb +A.
In [12, Sections 4.5, 11.8], the heat operator exp(−tLXA,b)) is well-defined for b >
0, t > 0 with a smooth kernel qXb,t((x, Y ), (x
′, Y ′)).
Let P be the projection from Λ·(T ∗X ⊕ E∗) ⊗ F on Λ0(T ∗X ⊕ E∗) ⊗ F . For
t > 0 and (x, Y ), (x′, Y ′) ∈ X̂ , put
(4.5.7) qX0,t((x, Y ), (x
′, Y ′)) = PpXt (x, x
′)pi−(m+n)/2 exp(−1
2
(|Y |2 + |Y ′|2))P.
We recall a result established in [12, Theorem 4.5.2 and Chapter 14].
Theorem 4.5.2. Given M ≥  > 0, there exist C,C ′ > 0 such that for 0 < b ≤
M,  ≤ t ≤M, (x, Y ), (x′, Y ′) ∈ X̂ ,
(4.5.8)
∣∣qXb,t((x, Y ), (x′, Y ′))∣∣ ≤ C exp (− C ′(d2(x, x′) + |Y |2 + |Y ′|2)).
Moreover, as b→ 0, we have the uniform convergence on compact subsets of X̂ ×X̂ ,
(4.5.9) qXb,t((x, Y ), (x
′, Y ′))→ qX0,t((x, Y ), (x′, Y ′)).
5. A proof of Theorem 3.2.4
The purpose of this section is to establish Theorem 3.2.4. The geometric argu-
ments of Sections 1 and 2 play important roles in the proof. The proof is partly
derived from [12, Chapter 9].
This section is organized as follows. In Subsection 5.1, we establish a fundamen-
tal identity which says that the twisted orbital supertrace of the hypoelliptic heat
kernels coincides with the twisted orbital integral of the elliptic heat kernels.
In Subsection 5.2, we establish an analogue of main result of [12, Chapter 5] for
the function Jγσ.
In Subsection 5.3, we establish Theorem 3.2.4.
5.1. A fundamental identity. Recall that LXA , LXA,b were defined in Subsections
3.2, 4.5, and that pXt , q
X
b,t are the associated elliptic and hypoelliptic heat kernels.
Using (4.5.8) and the fact that LXA,b commutes with σ, for b > 0, t > 0, qXb,t ∈
Qσ,∞. By the results of Subsection 2.3, Trs[γσ][exp(−tLXA,b)] is well-defined. The
following theorem extends [12, Theorem 4.6.1].
Theorem 5.1.1. For any b > 0, t > 0, the following identity holds,
(5.1.1) Trs
[γσ][exp(−tLXA,b)] = Tr[γσ][exp(−tLXA )].
Proof. By (2.3.11) and using Proposition 2.3.4, we get
(5.1.2)
∂
∂b
Trs
[γσ][exp(−tLXA,b)] = −tTrs[γσ][
∂
∂b
LXA,b exp(−tLXA,b)].
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By [12, Eqs. (4.6.4) - (4.6.7)], we have
(5.1.3)
∂
∂b
LXA,b =
1
2
[DXb ,
∂
∂b
DXb ], [D
X
b ,LXA,b] = 0.
By (5.1.2) and (5.1.3), we get
∂
∂b
Trs
[γσ][exp(−tLXA,b)] = −
t
2
Trs
[γσ]
[
[DXb ,
∂
∂b
DXb ] exp(−tLXA,b)
]
= − t
2
Trs
[γσ]
[
[DXb ,
∂
∂b
DXb exp(−tLXA,b)]
]
.
(5.1.4)
Then using Proposition 2.2.3, we get
(5.1.5)
∂
∂b
Trs
[γσ][exp(−tLXA,b)] = 0.
Now we only need to prove that
(5.1.6) lim
b→0
Trs
[γσ][exp(−tLXA,b)] = Tr[γσ][exp(−tLXA )].
By (1.6.5) and Theorem 4.5.2, given t > 0, there exist C,C ′ > 0 such that for
0 < b ≤ 1, f ∈ p⊥σ (γ), Y ∈ (TX ⊕N)efp1,
(5.1.7)
∣∣qXb,t((efp1, Y ), γσ(efp1, Y ))∣∣ ≤ C exp (− C ′(|f |2 + |Y |2))
Using (4.5.9), (2.2.8), (2.3.11) and dominated convergence, we get (5.1.6). The
proof of our theorem is completed. 
5.2. A formula for Jγσ(Y
k
0 ). Recall that p = dim pσ(γ), q = dim kσ(γ), r =
dim zσ(γ) = p + q. Let e1, · · · , ep be an orthonormal basis of pσ(γ), and let
ep+1, · · · , er be an orthonormal basis of kσ(γ). Let e1, · · · , er be the corresponding
dual basis of zσ(γ)
∗. Let zσ(γ), zσ(γ)∗ be another copies of zσ(γ), zσ(γ)∗. We
underline the obvious objects associated with zσ(γ), zσ(γ)
∗. Let c(zσ(γ)) denote
the Clifford algebra associated with (zσ(γ), B|zσ(γ)), we also identify the elements
in c(zσ(γ)) with their actions on Λ
·(g∗) given in (4.1.5).
By (1.1.1), we get
(5.2.1) p× g = p× (p⊕ k).
We denote by y the tautological section of the first copy of p in the right-hand side
of (5.2.1), and by Y g = Y p + Y k the tautological section of g = p ⊕ k. We also
denote by dy, dY g = dY pdY k the volume forms on p, g respectively. Recall that
∆p⊕k is the standard Laplacian on g = p⊕k, i.e., the second factor in the right-hand
side of (5.2.1). Let ∇H denote differentiation in the variable y ∈ p, and let ∇V
denote the differentiation in the variable Y g ∈ g.
Put
(5.2.2) α =
r∑
i=1
c(ei)e
i ∈ c(zσ(γ))⊗̂Λ·(zσ(γ)∗).
As an analogue in [12, Section 5.1], if Y k0 ∈ kσ(γ), let Pa,Y k0 be the differential
operator acting on C∞(p× g,Λ·(g∗)⊗̂Λ·(zσ(γ)∗)) defined as follows,
Pa,Y k0 =
1
2
|[Y k, a] + [Y k0 , Y p]|2 −
1
2
∆p⊕k + α−∇HY p
−∇V[a+Y k0 ,[a,y]] − ĉ(ad(a)) + c(ad(a) + iθad(Y
k
0 )).
(5.2.3)
By Ho¨rmander [34], both Pa,Y k0 , ∂∂t + Pa,Y k0 are hypoelliptic.
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Let RY k0 be the smooth kernel of exp(−Pa,Y k0 ) with respect to the volume dydY g
on p× g. Then by [12, eq. (5.1.10)], for (y, Y g), (y′, Y g′) ∈ p× g,
(5.2.4) RY k0 ((y, Y
g), (y′, Y g′)) ∈ End(Λ·(z⊥σ (γ)∗))⊗̂c(zσ(γ))⊗̂Λ·(zσ(γ)∗).
Definition 5.2.1. Let T̂rs be the supertrace functional on c(zσ(γ))⊗̂Λ·(zσ(γ)∗) such
that it vanishes on monomials of nonmaximal length, and gives the value (−1)r
to the monomial c(e1)e
1 · · · c(er)er. Moreover, it extends to a supertrace func-
tional on End(Λ·(z⊥σ (γ)
∗))⊗̂c(zσ(γ))⊗̂Λ·(z∗(γσ)) by tensoring with the supertrace
on End(Λ·(z⊥(γσ)∗)). We still denote it by T̂rs.
Now we give the important result established in [12, Theorem 5.5.1].
Proposition 5.2.2. For Y k0 ∈ kσ(γ), we have
Jγσ(Y
k
0 ) = (2pi)
r/2
∫
y∈p⊥(γσ),Y g∈p⊕k⊥σ (γ)
T̂rs
[
Ad(k−1σ)
RY k0 ((y, Y
g),Ad(k−1σ)(y, Y g))
]
dydY g.
(5.2.5)
Proof. In the proof of [12, Theorem 5.5.1], the computations of the supertrace
functional in the right-hand side of (5.2.5) only depend on the adjoint actions of
γ, k−1 and a and the fact that they commute with each other. Therefore, when
replacing γ, k−1 by γσ, k−1σ, the computations in [12, Chapter 5] still hold, so
that (5.2.5) holds. This completes the proof of our proposition. 
5.3. A proof of Theorem 3.2.4. For b 6= 0, s(x, Y ) ∈ C∞(X̂ , pi∗(Λ·(T ∗X⊕N∗)⊗
F )
)
, set
(5.3.1) Fbs(x, Y ) = s(x, bY ).
For t > 0, we denote with an extra subscript t the hypoelliptic Laplacian defined
in Subsection 4.5 associated with the bilinear form B/t. By [12, Eq.(2.14.4)],
(5.3.2) F√tt
NΛ
·(T∗X⊕N∗)/2LXb,tt−N
Λ·(T∗X⊕N∗)/2
F−1√
t
= tLX√
tb
.
By Remark (3.1.2) and (5.3.2), it is enough to prove (3.2.11) with t = 1. When
t = 1, we will drop the subscript t in the corresponding notation of heat kernels,
such as qXb = q
X
b,1.
By (5.1.1), we will make b→ +∞ in Trs[γσ][exp(−LXA,b)]. Generally speaking, all
the analytic and geometric constructions of [12] only depend on the fact that G acts
on X as a group of isometries, replacing G by Gσ does not change anything from
that point of view. This is why we will freely use the arguments in [12, Chapter 9].
We sketch the main steps of the proof as follows.
At first, we reduce the evaluation of Trs
[γσ][exp(−LXA,b)] to a limit as b → +∞
of an integral near F̂γσ defined in (1.7.9). Put
(5.3.3) LXA,b = F−bLXA,bF−1−b .
Let qX
b
be the kernel associated with exp(−LXA,b) with respect to dxdY . By (2.3.11),
we can use qX
b
instead of qXb to define Trs
[γσ][exp(−LXA,b)].
When replacing k−1 by k−1σ, we can write down the analogues of [12, The-
orem 9.1.1] for the norms of qX
b
((x, Y ), γσ(x, Y )) when (x, Y ) ∈ X̂ stays away
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from F̂γσ. By the same arguments as in [12, Section 9.2], if β ∈ ]0, 1] is fixed,
Trs
[γσ][exp(−LXA,b)] is given by the limit as b→ +∞ of the following integral,
(5.3.4)∫
f∈p⊥σ (γ), |f |≤β
Y ∈ g, |Y TX−aTX |≤β
Trs
Λ·(T∗X⊕N∗)⊗F [γσqX
b
((pef , Y ), γσ(pef , Y ))]r(f)dfdY.
Recall that dY = dY TXdY N . Put N(γσ) = Z0σ(γ) ×K0σ(γ) kσ(γ) the vector
bundle on X(γσ). Let N⊥(γσ) be the orthogonal bundle of N(γσ) in N |X(γσ),
then N⊥(γσ) = Z0σ(γ)×K0σ(γ) k⊥σ (γ). Recall that the projection Pγσ : X → X(γσ)
is described in Theorem 1.6.1.
We trivialize the vector bundles TX, N by parallel transport along the geodesics
orthogonal to X(γσ) with respect to ∇TX ,∇N , then the vector bundles TX, N on
X can be identified with P ∗γσ(TX|X(γσ)), P ∗γσ(N |X(γσ)). If f ∈ p⊥σ (γ), at ργσ(1, f),
we may write Y N ∈ N in the form
(5.3.5) Y N = Y k0 + Y
N,⊥, Y k0 ∈ kσ(γ), Y N,⊥ ∈ k⊥σ (γ).
Let dY k0 , dY
N,⊥ be the volume elements on kσ(γ), k⊥σ (γ), so that dY
N = dY k0 dY
N,⊥.
We rewrite the integral in (5.3.4) as follows,
b−4m−2n+2r
∫
f∈p⊥σ (γ), |f |≤b2β
Y ∈ g, |Y TX |≤b2β
Trs
Λ·(T∗X⊕N∗)⊗F
[
γσqX
b
(
(pef/b
2
, aTX + Y TX/b2, Y k0 + Y
N,⊥/b2),
γσ(pef/b
2
, aTX + Y TX/b2, Y k0 + Y
N,⊥/b2)
)]
r(
f
b2
)dfdY TXdY k0 dY
N,⊥.
(5.3.6)
Now we use the same technique as in [12, Sections 9.3 - 9.5] to kill the factor
b2r in (5.3.6). Recall that α is defined in (5.2.2). By (1.1.11), TX ⊕N is identified
with the trivial vector bundle g on X. Let (TX ⊕ N)(γσ) be the subbundle of
TX ⊕N corresponding zσ(γ) ⊂ g, and let (TX ⊕N)(γσ)∗ be one copy of the dual
bundle of (TX ⊕N)(γσ). We regard α as a constant section of the trivial bundle
c(g)⊗ zσ(γ)∗, hence a section of c(TX ⊕N)⊗ (TX ⊕N)(γσ)∗.
Set
(5.3.7) LXA,b = LXA,b + α.
It acts on C∞(X̂ , pi∗(Λ·(T ∗X ⊕ N∗) ⊗ F ⊗̂Λ·((TX ⊕N)(γσ)∗))). Note that LXA,b
commutes with the action of γσ, ea and k−1σ. Let qXb be the smooth kernel of
exp(−LXA,b) with respect to the volume dxdY .
We extend the basis {ei}ri=1 of zσ(γ) to an orthonormal basis {ei}m+ni=1 of (g, 〈·, ·〉).
Since End(Λ·(g∗)) = c(g)⊗̂ĉ(g), we can extend T̂rs in Definition 5.2.1 to a linear
functional on End(Λ·(g∗))⊗̂Λ·(z∗(γσ)) by making it vanish on all the monomials in
the c(ei), ĉ(ei), e
k, 1 ≤ i ≤ m+ n, 1 ≤ k ≤ r except on
(5.3.8) c(e1)e
1 · · · c(er)erc(er+1)ĉ(er+1) · · · c(em+n)ĉ(em+n).
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Moreover,
T̂rs[c(e1)e
1 · · · c(er)erc(er+1)ĉ(er+1) · · · c(em+n)ĉ(em+n)]
= (−1)r+n−q(−2)m+n−r.
(5.3.9)
The map T̂rs also extends to a linear functional on End(Λ
·(g∗))⊗̂Λ·(z∗(γσ)) ⊗
End(E) by tensoring with TrE [·].
As shown in [12, Section 9.5], the operator LXA,b is conjugate to LXA,b. By [12,
Proposition 9.5.4], if (x, Y ) ∈ X̂ , then
(5.3.10) Trs[γσq
X
b
((x, Y ), γσ(x, Y ))] = b−2rT̂rs[γσqXb ((x, Y ), γσ(x, Y ))].
Then we can proceed as in [12, Sections 9.8 - 9.11]. We obtain an extension of
[12, Theorem 9.6.1], which says that as b→ +∞,
b−4m−2nγσqXb
(
(pef/b
2
, aTX + Y TX/b2, Y k0 + Y
N,⊥/b2),
γσ(pef/b
2
, aTX + Y TX/b2, Y k0 + Y
N,⊥/b2)
)
→ exp(−|a|2/2− |Y k0 |2/2)Ad(k−1σ)RY 0k ((f, Y ),Ad(k
−1σ)(f, Y ))
ρE(k−1σ) exp(−iρE(Y k0 )−A).
(5.3.11)
As in [12, Theorem 9.5.6], there exist Cβ > 0, Cγσ,β > 0 such that for b ≥ 1,
f ∈ p⊥σ (γ), |f | ≤ b2β, |Y TX | ≤ b2β, then left-hand side of (5.3.11) is bounded by
(5.3.12) Cβ exp
(− Cγσ,β(|f |2 + |Y TX |2 + |Y k0 |2 + |Y N,⊥|)).
Combining (5.3.6) and (5.3.10) - (5.3.12), we get
lim
b→+∞
Trs
[γσ][exp(−LXA,b)] = exp(−|a|2/2)
∫
(y,Y ⊥,Y k0 )
∈p⊥(γσ)×(p⊕k⊥(γσ))⊕kσ(γ)
T̂rs
[
Ad(k−1σ)RY k0 ((f, Y
⊥),Ad(k−1σ)(f, Y ⊥))
]
TrE [ρE(k−1σ) exp(−iρE(Y k0 )−A)] exp(−|Y k0 |2/2)dydY gdY k0 .
(5.3.13)
By (5.2.5), (5.3.13), we get (3.2.11). This completes the proof of Theorem 3.2.4.
6. Connections with the local equivariant index theory
In this section, we show that our formula in (3.2.11) is compatible with the local
equivariant index theorems for compact locally symmetric spaces. We also apply our
formula to evaluate the equivariant analytic torsions for locally symmetric spaces.
This section is organized as follows. In Subsection 6.1, we consider the classical
Dirac operator DX on X acting on spinors.
In Subsection 6.2, we evaluate the twisted orbital integrals of exp(−tDX,2/2) for
elliptic elements γσ.
In Subsection 6.3, we show that our formula in (3.2.11) is compatible with the
local equivariant index theorem on the compact locally symmetric space Z.
In Subsection 6.4, we consider the case of flat homogeneous vector bundles on
X and the de Rham operators.
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Finally, in Subsection 6.5, we consider the equivariant Ray-Singer analytic tor-
sions associated with the flat homogeneous vector bundles on Z.
6.1. The classical Dirac operator on X. In this subsection, we will assume p to
be even dimensional and oriented, and K to be semisimple and simply connected.
Recall that m = dim p.
Let Spin(p) be the Spin group of p. If m ≥ 4, Spin(p) is the universal cover
of SO(p). Since K is connected and simply connected, the adjoint representation
K → SO(p) lifts to a homomorphism K → Spin(p).
Let Sp = Sp+ ⊕ Sp− be the Z2-graded Hermitian vector space of p-spinors. To
avoid confusion with the notation in Subsection 4.1, let c¯(p) denote the Clifford
algebra of (p, B|p) acting on Sp. We have an identification [5, Part I: §5],
(6.1.1) c¯(p)⊗ C ' End(Sp).
Moreover, Spin(p) embeds in c¯+(p). Then Spin(p) acts unitarily on S
p and preserves
the Z2-grading. Therefore, K acts on Sp via a representation ρS
p
induced by the
action of Spin(p).
The group K acts on SO(p), Spin(p) by conjugation. Set
(6.1.2) PSO(X) = G×K SO(p), PSpin(X) = G×K Spin(p).
Then we get a double cover of principal bundles PSpin(X) → PSO(X). This gives
a spin structure on X. Moreover, Sp descends to the Hermitian vector bundle
STX = STX+ ⊕STX− of (TX, gTX)-spinors. Let ∇S
TX
denote the induced connection
on STX by the connection form ωk, which is compatible with ∇TX .
We fix σ ∈ Σ, and we assume that its action on p preserves the orientation.
Then Kσ acts naturally on PSO(X). We also assume that the homomorphism
K → Spin(p) can be extended to a homomorphism Kσ → Spin(p).
Then the action of Kσ on PSO(X) lifts to an action on PSpin(X). By [41,
Definition 14.10 in Chapter 3], this is equivalent to say that the action of Kσ
preserves the spin structure.
Take (E, ρE) a unitary representation of Kσ. Now Gσ acts on STX ⊗ F over X
preserving the unitary connection ∇STX⊗F . Let DX be the classical Dirac operator
acting on C∞(X,STX ⊗ F ). If e1, · · · , em is an orthogonal basis of TX, then
(6.1.3) DX =
m∑
i=1
c¯(ei)∇STX⊗Fei .
Let LX be the operator defined in (3.2.9), with E replaced by Sp ⊗ E. Put
(6.1.4) A = − 1
48
Trk[Ck,k]− 1
2
Ck,E ∈ End(E).
It is clear that A commutes with Kσ. Then by [12, Theorem 7.2.1],
(6.1.5)
1
2
DX,2 = LXA .
For t > 0, the kernel of exp(−tDX,2/2) lies in Qσ, so that Trs[γσ][exp(−tDX,2/2)] is
well-defined, where the supertrace is taken with respect to the Z2-grading of STX .
Let γ ∈ G be such that γσ is semisimple. We still assume that
(6.1.6) γ = eak−1, a ∈ p, k ∈ K,Ad(k)a = σa.
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Theorem 6.1.1. If γσ is nonelliptic, i.e., if a 6= 0, for Y k0 ∈ kσ(γ),
(6.1.7) Trs
Sp [ρS
p
(k−1σ) exp(−iρSp(Y k0 ))] = 0.
For any t > 0, we have
(6.1.8) Trs
[γσ][exp(−tDX,2/2)] = 0.
Proof. By [8, Proposition 3.23], we have
(−1)m/2(TrsSp [ρSp(k−1σ) exp(−iρSp(Y k0 ))])2 =
det(1−Ad(k−1σ) exp(−iad(Y k0 )))|p.
(6.1.9)
If a 6= 0, then a is an eigenvector in p of Ad(k−1σ) exp(−iad(Y k0 )) associated
with the eigenvalue 1, so that (6.1.7) holds.
Note that
Trs
Sp⊗E [ρS
p⊗E(k−1σ) exp(−iρSp⊗E(Y k0 )− tA)]
= Trs
Sp [ρS
p
(k−1σ) exp(−iρSp(Y k0 ))]TrE [ρE(k−1σ) exp(−iρ⊗E(Y k0 )− tA)]
(6.1.10)
Using Theorem 3.2.4, and combining (6.1.7) and (6.1.10), we get (6.1.8). 
Proposition 6.1.2. If (E, ρE) is an irreducible unitary representation of Kσ, if
the restriction of (E, ρE) to K is not irreducible, then for k ∈ K, we have
(6.1.11) TrE [ρE(σ)ρE(k)] = 0.
Moreover, in this case, if γσ is semisimple, then for t > 0,
(6.1.12) Trs
[γσ][exp(−tDX,2/2)] = 0.
Proof. Let Inn(K) denote the inner automorphism group of K. The outer auto-
morphism group of K is
(6.1.13) Out(K) = Aut(K)/Inn(K).
Since we assume that K is semisimple, when fixing a maximal torus T of K and
a positive root system R+, the group Out(K) can be realized as a finite subgroup
of Aut(K) whose elements preserve T and R+ [20, Chapter VIII, §4.4 and Chapter
IX, §4.10]. Moreover,
(6.1.14) Aut(K) = Inn(K)oOut(K).
Here σ ∈ Aut(G) preserves K, then we may assume directly that σ ∈ Aut(K).
Take k0 ∈ K, τ ∈ Out(K) such that for k ∈ K,
(6.1.15) σ(k) = C(k0)(τ(k)).
Let Kτ be the subgroup of K oOut(K) generated by K and τ . We claim that
there exists cτ ∈ C such that if set
(6.1.16) ρE,′(τ) = cτρE(k−10 )ρ
E(σ), ρE,′(k) = ρE(k),
then (E, ρE,′) is an irreducible representation of Kτ . Note that such number cτ is
not unique, it depends on the order of τ and the choice of k0.
Indeed, set
(6.1.17) A = ρE(k−10 )ρ
E(σ) ∈ End(E).
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Let N0 ≥ 1 be the order of τ in Out(K). Set
(6.1.18) k̂ = k0τ(k0) · · · τN0−1(k0) ∈ K.
Then
(6.1.19) σ(k̂) = k̂ ∈ K, σN0 = Ad(k̂) ∈ Inn(K).
Also we have
(6.1.20) AN0 = ρE(k̂−1)ρE(σN0).
We can verify directly that AN0 commutes with Kσ. Since (E, ρE) is irreducible
as Kσ-representation, then AN0 is a non-zero scalar endomorphism of E, then we
take cτ ∈ C such that cN0τ AN0 = IdE .
We define ρE,′ as in (6.1.16). Then for k ∈ K,
(6.1.21) ρE,′(τ)ρE,′(k)ρE,′(τ−1) = ρE,′(τ(k)).
Therefore, (E, ρE,′) become an irreducible representation of Kτ .
For proving (6.1.11), it is enough to prove that for k ∈ K, one has
(6.1.22) TrE [ρE,′(τ)ρE,′(k)] = 0.
Let P++ be the dominant weights for the pair (K,T ) with respect to R
+. Then
τ acts on P++. If λ ∈ P++, let Vλ denote an irreducible representation of K with
the dominant weight λ.
Let λ ∈ P++ be such that Vλ can embed into (E, ρE) as K-subrepresentation.
Let {τ i(λ)}d−1i=0 ⊂ P++ be the orbit of λ under the action of τ . Note that d ≥ 1
is the length of the orbit and d |N0. By the description of all the irreducible
representations of non-connected compact Lie groups in [28, Corollary 4.13.2 and
Proposition 4.13.3], we get that the representation (E, ρE,′) restricting on K is of
the form
(6.1.23) ⊕d−1i=0 Vτ i(λ).
Moreover, the action ρE,′(τ) on E sends the component Vτ i(λ) to Vτ i+1(λ).
If (E, ρE) restricting to K is not irreducible, then d ≥ 2, then the identity
(6.1.22) holds, so does (6.1.11). The identity (6.1.12) follows from (3.2.11) and
(6.1.11). This completes the proof of our proposition. 
Remark 6.1.3. If we drop the assumptions that K is semisimple and simply con-
nected, with the same assumption for (E, ρE) as in Proposition 6.1.2, then (6.1.11)
still holds. Let Z0K be the identity component of the center of K, and let Kss be
the analytic subgroup of K associated with the semisimple subalgebra kss = [k, k].
Then Z0K ×Kss is a finite cover of K. Note that the action of σ on Z0K is of finite
order. Then if we proceed as in the proof of Proposition 6.1.2 for Kss, we can still
apply [28, Corollary 4.13.2 and Proposition 4.13.3] to get (6.1.11).
6.2. The case of elliptic γσ. We use the same assumptions as in Subsection 6.1.
Now we fix an elliptic element γσ, i.e. γ = k−1 ∈ K. Recall that p = dim pσ(γ).
Recall that NX(γσ)/X is the normal vector bundle of X(γσ) in X. Then
(6.2.1) TX|X(γσ) = TX(γσ)⊕NX(γσ)/X .
We have
(6.2.2) dimTX(γσ) = p, dimNX(γσ)/X = m− p.
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Since we assume that σ preserves the orientation of p, both p and m− p are even.
Note that γσ acts isometrically on TX|X(γσ) and preserves the splitting in (6.2.1).
Let Âγσ(TX|X(γσ),∇TX|X(γσ)), Âγσ(N |X(γσ),∇N |X(γσ)) be the equivariant Â-
genus given in [12, Subsection 7.7] for vector bundles TX|X(γσ), N |X(γσ). Note
that there are questions of signs to be taken care of in these forms, we refer to [3, 4]
and also [41, Theorem 14.11 in Chapter 3], [8, Chapter 6] for more detail.
Let o(TX(γσ)), o(NX(γσ)\X) be the orientation lines of TX(γσ), NX(γσ)\X .
Because of the sign ambiguity mentioned above, Âγσ(TX|X(γσ),∇TX|X(γσ)) should
be regarded as a section of Λ·(T ∗X(γσ)) ⊗ o(NX(γσ)/X). Since p is oriented by
our assumption, then Âγσ(TX|X(γσ),∇TX|X(γσ)) can be viewed as a section of
Λ·(T ∗X(γσ))⊗o(TX(γσ)). A similar consideration can be made for Âγσ(N |X(γσ),∇N |X(γσ)).
Let Âγσ|p(0) be the degree 0 component of Âγσ(TX|X(γσ),∇TX|X(γσ)), and let
Âγσ|k(0) be the degree 0 component of Âγσ(N |X(γσ),∇N |X(γσ)). These are constants
on X(γσ). Put
(6.2.3) Âγσ(0) = Âγσ|p(0)Âγσ|k(0).
The equivariant Chern character form of the bundle (F,∇F ) is given by
(6.2.4) chγσ(F |X(γσ),∇F |X(γσ)) = Tr[ρE(k−1σ) exp(−
RF |X(γσ)
2pii
)].
The above closed forms on X(γσ) are exactly the ones that appear in the Lefschetz
fixed point formula of Atiyah-Bott [3, 4].
Let ωzσ(γ) = ωkσ(γ) + ωpσ(γ) be the left-invariant 1-form on Z0σ(γ) valued in
zσ(γ). Let Ω
zσ(γ) be the curvature form of the connection form ωkσ(γ) on the
principal bundle Z0σ(γ)→ X(γσ). As in (1.1.7), we have
(6.2.5) Ωzσ(γ) = −1
2
[ωpσ(γ), ωpσ(γ)] ∈ Λ2(pσ(γ)∗)⊗ kσ(γ).
Then the curvatures RF , RTX restricting to X(γσ) are represented by the equi-
variant actions of Ωzσ(γ).
Using the same arguments as in the proof of [12, Proposition 7.1.1] and (6.2.5),
we get the following identities of differential forms on X(γσ),
Âγσ(TX|X(γσ),∇TX|X(γσ))Âγσ(N |X(γσ),∇N |X(γσ)) = Âγσ(0).
chγσ(TX|X(γσ),∇TX|X(γσ)) + chγσ(N |X(γσ),∇N |X(γσ)) = Trg[Ad(k−1σ)].
(6.2.6)
Let Ψ be the canonical element of norm 1 in Λp(pσ(γ)
∗)⊗o(pσ(γ)) (respectively,
a section of norm 1 of Λp(T ∗X(γσ))⊗ o(TX(γσ))). For α ∈ Λ·(pσ(γ)∗)⊗ o(pσ(γ))
(respectively Λ·(T ∗X(γσ))⊗ o(TX(γσ))), for 0 ≤ l ≤ p, let α(l) be the component
of α of degree l. We define αmax ∈ R by
(6.2.7) α(p) = αmaxΨ.
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Theorem 6.2.1. If γ = k−1 ∈ K, for any t > 0,
Trs
[γσ][exp(−tDX,2/2)]
=
1
(2pit)p/2
∫
kσ(γ)
Jγσ(Y
k
0 )Trs
Sp⊗E [ρS
p⊗E(k−1σ) exp(−iρSp⊗E(Y k0 )− tA)]
exp(−|Y k0 |2/2t)
dY k0
(2pit)q/2
= [Âγσ(TX|X(γσ),∇TX|X(γσ))chγσ(F,∇F )]max.
(6.2.8)
Proof. The first identity in (6.2.8) follows from Theorem 3.2.4 and Eq. (6.1.5). If
(E, ρE) is an irreducible unitary representation of Kσ which is not irreducible when
restricting to K, then by (1.1.7), (6.1.11) and (6.2.4), we get
(6.2.9) chγσ(F |X(γσ),∇F |X(γσ)) = 0.
Then the second identity of (6.2.8) follows from (6.1.12).
We only need to prove the second identity in (6.2.8) for the case where (E, ρE)
is irreducible for both groups Kσ and K. Recall that Kσ(1) ⊂ K is just the fixed
point set of σ action on K.
Since K is semisimple and simply connected, by [28, Lemma (3.15.4), Corollary
(3.15.5)], Kσ(1) is a connected subgroup of K, and there exists v ∈ kσ(1) such
that v is regular in k. Then t = k(v) is a Cartan subalgebra of k. Let T be the
maximal torus of K corresponding to t, and let R+ be the positive root system of
(K,T ) corresponding to the Weyl chamber of v. Then we get a decomposition of
Aut(K) as in (6.1.14) with respect to (T,R+). There exists k0 ∈ T , τ ∈ Out(K)
such that the action of σ on K is given by C(k0) ◦ τ . Moreover, s = t ∩ kσ(1) is a
Cartan subalgebra of kτ (1), which is just the fixed point set of τ in t. Let S be the
corresponded maximal torus of Kτ (1).
We extend τ ∈ Out(K) to a τ̂ ∈ Σ, so that if g ∈ G, then
(6.2.10) τ̂(g) = k−10 σ(g)k0 ∈ G.
Note that τ̂ may not be of finite order. When acting on g, p, k, the adjoint action of
k−1σ is the same as the adjoint action of k−1k0τ̂ . Following the same constructions
as in the proof of Proposition 6.1.2, we may assume that E is an irreducible repre-
sentation for both K τ̂ and K. The group K τ̂ also acts on Sp, so that the analogue
of (6.1.16) holds. Then we will prove the second identity in (6.2.8) for k−1τ̂ instead
of k−1σ with k ∈ K.
By [55, Proposition I.4] or [21, Proposition 4.3], and using the fact that the both
sides of the second identity in (6.2.8) are invariant by conjugations of K, we can
continue to assume that k ∈ S. Thus S is also a maximal torus of Kτ̂ (k−1). Now
we can adapt the proof in [12, Section 7.7] to prove our theorem.
Since (E, ρE) is an irreducible representation of K, then its highest weight λ ∈
P++ is fixed by τ . Set
(6.2.11) ρk =
1
2
∑
α∈R+
α.
It is also fixed by τ .
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Then
(6.2.12) λ, ρk, λ+ ρk ∈ s∗.
By [12, Proposition 7.5.2], we have
(6.2.13) A = 2pi2|ρk + λ|2.
If α ∈ R+, let kα ⊂ kC be the associated root space. Put
(6.2.14) n =
∑
α∈R+
kα.
Then τ preserves n. If t ∈ T , set
(6.2.15) δ(tτ) = det(1−Ad(τ−1t−1))|n.
Note that up to multiplication by a constant, for y ∈ t, the analytic function
e2pi〈ρk,y〉δ(e−iyk−1τ) coincides with
(6.2.16) det 1/2(1− exp(−iad(y))Ad(k−1τ))|k/t.
Let ∆s be the standard Laplacian on s with respect to the scalar product on
s. Replacing g by zσ(γ) and using Ω
zσ(γ), we can proceed as in [12, Eqs. (7.5.14)
- (7.5.23)] to compute the integration on kτ̂ (k
−1) in (6.2.8). Then we reduce it
to an expression which contains the action of exp(t∆s/2) on an invariant analytic
function on s. Using (6.2.16), instead of [12, Eq. (7.5.23)], we need to evaluate the
following analytic function in y ∈ s,
(6.2.17) exp(t∆s/2)
(
e2pi〈ρk,y〉δ(e−iyk−1τ)TrE [ρE(k−1τ) exp(−iρE(y))])
Using the Weyl character formula for the non-connected compact Lie group Kτ
developed in [28, Section 4.13, Proposition 4.13.1] and by (6.2.12), we get that the
function in y ∈ s
(6.2.18) e2pi〈ρk,y〉δ(e−iyk−1τ)TrE [ρE(k−1τ) exp(−iρE(y))]
is an eigenfunction of ∆s associated with the eigenvalue 2A = 4pi2|ρk + λ|2.
Finally, we can proceed as in [12, Eqs. (7.7.10) - (7.7.13)]. Using (6.2.3), (6.2.6),
(6.2.13), we get the second identity in (6.2.8). This completes the proof of our
theorem. 
6.3. The local equivariant index theorem on Z. In this subsection, we make
the same assumptions as in Subsections 1.8, 2.4 and 6.1. In particular, Γ is a
cocompact torsion-free discrete subgroup of G such that σ(Γ) = Γ. Then Z = Γ\X
is a compact manifold on which Σσ acts isometrically.
The bundle STX descends to the bundle of TZ-spinors STZ . The assumptions
in Subsection 6.1 make STZ ⊗ F an equivariant Clifford module over Z equipped
with the equivariant action of Σσ.
The operator DX descends to the Dirac operator DZ acting on C∞(Z, STZ⊗F ),
which commutes with Σσ. Similarly, the operator LXA descends to LZA. By (6.1.5),
(6.3.1)
1
2
DZ,2 = LZA.
Let kerDZ ⊂ C∞(Z, STZ⊗F ) be the kernel of DZ , which is a finite-dimensional
representation of Σσ. The equivariant index of DZ associated with σ is defined as
(6.3.2) IndΣσ (σ,D
Z) = Trs
kerDZ [σ].
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By the McKean-Singer formula [48][8, Proposition 6.3], for t > 0, we have
(6.3.3) IndΣσ (σ,D
Z) = Trs[σ
Z exp(−tDZ,2/2)].
Recall that σZ ⊂ Z is the fixed point set of σ. By (1.8.28), it is a finite disjoint
union of [X(γσ)]Z , [γ]
σ
∈ Eσ. Let Âσ(TZ|σZ ,∇TZ|σZ ), chσ(F,∇F ) be the closed
differential forms on σZ defined as in Subsection 6.2.
By [3, 4] and [41, Theorem 14.11 in Chapter 3], IndΣσ (σ,D
Z) can be computed
by the Lefschetz fixed point formula of Atiyah-Bott, so that
(6.3.4) IndΣσ (σ,D
Z) =
∫
σZ
Âσ(TZ|σZ ,∇TZ|σZ )chσ(F,∇F ).
By Proposition 1.8.7, if [γ]
σ
∈ Eσ, the action of σ on STZ ⊗F |[X(γσ)]Z is equiv-
alent to the action of k−1σ on the corresponding vector bundle STX ⊗ F over
Γ ∩ Z(k−1σ)\X(k−1σ). Then on each component [X(γσ)]Z of σZ, the following
function is constant,
(6.3.5)
[
Âσ(TZ|σZ ,∇TZ|σZ )chσ(F,∇F )
]max
and it is equal to
(6.3.6)
[
Âk
−1σ(TX|X(k−1σ),∇TX|X(k−1σ))chk
−1σ(F,∇F )]max.
Then by (2.4.15) and using Theorems 6.1.1, 6.2.1, we get
(6.3.7) Trs[σ
Ze−tD
Z,2/2] =
∑
[γ]
σ
∈Eσ
∫
[X(γσ)]Z
Âσ(TZ|σZ ,∇TZ|σZ )chσ(F,∇F ).
By (1.8.29) and (6.3.3), we see that (6.3.7) is equivalent to (6.3.4).
6.4. The de Rham operator associated with a flat bundle. From now on, we
assume that G is a connected linear reductive Lie group with compact center. Then
the center zg of g is included in k. We do not assume anymore that K is semisimple
or simply connected. We do not assume that σ preserves the orientation of p either.
Put
(6.4.1) gC = g⊗R C, u =
√−1p⊕ k.
Then u is a real Lie algebra, which is called the compact form of g. It is clear that
(6.4.2) uC = gC.
The form B extends to an invariant negative definite bilinear form on u and to
an invariant C-bilinear form on gC. Let GC be the connected group of complex
matrices associated with gC, and let U be the analytic subgroup of GC associated
with u. Since G has compact center, by [37, Proposition 5.3], U is a compact Lie
group. By [37, Proposition 5.6], GC is still reductive, and G, U are closed subgroups
of GC. In particular, U is a maximal compact subgroup of GC.
A representation (E, ρE) of G induces a representation of g or u, or a C-linear
representation of gC. By Weyl’s unitary trick [37, Proposition 5.7], if U is simply
connected, then it is equivalent to consider finite-dimensional representations of G,
of U , or holomorphic finite-dimensional representations of GC.
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Let Uu, UgC be the enveloping algebras of u, gC respectively. Then UgC can be
identified with the left-invariant holomorphic differential operators on GC. Let Cu
be the Casimir operator of U associated with B, by (3.2.2), we have
(6.4.3) Cu = Cg ∈ Ug ∩ Uu.
We extend the action σ to gC as a complex linear isomorphism of gC. We assume
that σ extends to an automorphism of U , then it also acts on GC holomorphically.
Set
(6.4.4) Uσ = U o Σσ.
In the sequel, we assume that (E, ρE) be a unitary representation of Uσ with
respect to a Hermitian metric hE . Actually, even if U is not simply connected,
every irreducible unitary representation of Uσ extends uniquely to an irreducible
representation of Gσ. We use the same notation ρE for the restrictions of this
representation to G, to K and to Kσ. By (6.4.3), we have
(6.4.5) Cu,E = Cg,E ∈ End(E).
Put F = G ×K E. Let ∇F be the Hermitian connection induced by the con-
nection form ωk. Then the map (g, v) ∈ G ×K E → ρE(g)v ∈ E gives a canonical
identification of vector bundles on X,
(6.4.6) G×K E = X × E.
Then F is equipped with a canonical flat connection ∇F,f so that
(6.4.7) ∇F,f = ∇F + ρE(ωp).
Let (Ω·c(X,F ), d
X,F ) be the (compactly supported) de Rham complex associated
with (F,∇F,f ). Let dX,F,∗ be the adjoint operator of dX,F with respect to the L2
metric on Ω·c(X,F ). The Dirac operator D
X,F of this de Rham complex is given
by
(6.4.8) DX,F = dX,F + dX,F,∗.
As in (4.1.5), c(TX), ĉ(TX) act on Λ·(T ∗X). We still use e1, · · · , em to denote
an orthonormal basis of p or TX, and let e1, · · · , em be the corresponding dual
basis of p∗ or T ∗X.
Let ∇Λ·(T∗X)⊗F,u be the connection on Λ·(T ∗X)⊗F induced by ∇TX and ∇F .
Then the standard Dirac operator is given by
(6.4.9) DX,F =
m∑
j=1
c(ej)∇Λ·(T∗X)⊗F,uej .
By [17, eq.(8.42)], we have
(6.4.10) DX,F = DX,F +
m∑
j=1
ĉ(ej)ρ
E(ej).
Note that Cg,E defines an invariant parallel section of endomorphism of F . Recall
that the operator LX acting on Ω·(X,F ) is defined as in (3.2.9). By [17, Proposition
8.4] and (3.2.8), we have
(6.4.11)
DX,F,2
2
= LX − 1
2
Cg,E − 1
8
B∗(κg, κg).
Moreover, DX,F,2 commutes with the action of Gσ.
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The real rank (resp. complex rank) rkRG (resp. rkCG ) of G is defined as the
real dimension of the maximal Abelian subspace of p (resp. the Cartan subalgebra
of g). The fundamental rank of G is defined as
(6.4.12) δ(G) = rkCG− rkCK ∈ N.
We still assume that γσ is a semisimple element given by (6.1.6). Let S be a
maximal torus of K0σ(γ) with Lie algebra s ⊂ kσ(γ). Set
(6.4.13) bσ(γ) = {f ∈ pσ(k−1) | [f, s] = 0}.
Then
(6.4.14) a ∈ bσ(γ), dimR bσ(γ) ≥ δ(Z0σ(γ)).
Let e(TX(γσ),∇TX(γσ)) be the Euler form of TX(γσ) associated with the Levi-
Civita connection ∇TX(γσ). If dim pσ(γ) is even, then [8, Section 1.6]
(6.4.15) e(TX(γσ),∇TX(γσ)) = Pf
[
RTX(γσ)
2pi
]
.
If dim pσ(γ) is odd, then e(TX(γσ),∇TX(γσ)) vanishes identically.
Recall that the notation [·]max refers to the forms on X(γσ). The following
theorem extends [12, Theorem 7.8.2].
Theorem 6.4.1. For t > 0, the following identity holds:
Trs
[γσ][exp(−tDX,F,2/2)]
=
exp(−|a|2/2t)
(2pit)p/2
exp(
t
48
Trk[Ck,k] +
t
16
Trp[Ck,p])
∫
kσ(γ)
Jγσ(Y
k
0 )
Trs
Λ·(p∗)⊗E [ρΛ
·(p∗)⊗E(k−1σ) exp(−iρΛ·(p∗)⊗E(Y k0 ) +
t
2
Cg,E)]
exp(−|Y k0 |2/2t)
dY k0
(2pit)q/2
.
(6.4.16)
If dim bσ(γ) ≥ 1, then
(6.4.17) Trs
[γσ][exp(−tDX,F,2/2)] = 0.
If γσ is elliptic, then
(6.4.18) Trs
[γσ][exp(−tDX,F,2/2)] = [e(TX(γσ),∇TX(γσ))]maxTrE [ρE(γσ)].
Proof. The identity in (6.4.16) follows from (3.2.8), (3.2.11), (6.4.11).
As in (6.1.10), the integrand in (6.4.16) contains the following factor
(6.4.19) Trs
Λ·(p∗)[ρΛ
·(p∗)(k−1σ) exp(−iρΛ·(p∗)(Y k0 ))]
Also
(6.4.20)
Trs
Λ·(p∗)[ρΛ
·(p∗)(k−1σ) exp(−iρΛ·(p∗)(Y k0 ))] = det(1− exp(iad(Y k0 ))Ad(σ−1k))|p.
If dim bσ(γ) ≥ 1, then the right-hand side in (6.4.20) vanishes identically for Y k0 ∈
kσ(γ). Then (6.4.17) follows.
Now take γ = k−1 ∈ K. Then
(6.4.21) bσ(γ) ⊂ pσ(γ).
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Moreover, by [37, pp. 129], bσ(γ) ⊕ s is a Cartan subalgebra of zσ(γ). In this
case, dim pσ(γ) − dim bσ(γ) is even. Note that Ωzσ(γ) is the curvature form given
in (6.2.5).
By (6.2.5), as an analogue of (6.2.6), we have the following identities
Â−1(iad(−tΩzσ(γ))|zσ(γ))
[det(1− e−iad(−tΩzσ(γ))Ad(k−1σ))z⊥σ (γ)
det(1−Ad(k−1σ))z⊥σ (γ)
]1/2
= 1,
TrE
[
ρE(k−1σ) exp(−iρE(−tΩzσ(γ)))] = TrE [ρE(k−1σ)].
(6.4.22)
Note that if dim bσ(γ) ≥ 1, if Y k0 ∈ kσ(γ), then
(6.4.23) Pf[ad(Y k0 )] = 0.
By (6.2.5), (6.4.15), (6.4.23), we get that e(TX(γσ),∇TX(γσ)) = 0. Then (6.4.17)
is compatible with (6.4.18). We only need to consider the case where dim bσ(γ) = 0,
so that s is also a Cartan subalgebra of zσ(γ).
If we make the same assumptions on K, p and σ as in Subsection 6.1, then
(6.4.18) is just a special case of Theorem 6.2.1. In general, we also can proceed as
in the proof of Theorem 6.2.1 but with the group U instead of K. The assumption
that p is even-dimensional in Subsection 6.1 is no longer necessary here.
Note that the Lie algebra of Aut(U) is isomorphic to [u, u]. By [28, Lemma
(3.15.4)], if σ ∈ Aut(U), then [u, u](σ) contains regular elements in [u, u], so that
there always exists v ∈ u(σ) ∩ ureg. Then we fix the corresponding maximal torus
and a positive root system R+ for U as in the proof of Theorem 6.2.1. Let ρu
denote the element defined as in (6.2.11).
We may suppose that (E, ρE) is irreducible for both U and Uσ, so that Cg,E is
scalar. Let λ be the highest weight for the representation E. By [12, Proposition
7.5.2], we have
(6.4.24) − Cg,E − 1
4
B∗(κg, κg) = 4pi2|ρu + λ|2.
Based on the above constructions, combining with Remark 6.1.3, we can see that
the arguments in the proof of Theorem 6.2.1 still work without assuming U to be
semisimple or simply connected. Using instead (6.4.22) and (6.4.24), we can prove
(6.4.18) in full generality. This completes the proof of our theorem. 
Let NΛ
·(p∗), NΛ
·(T∗X) be the number operators of Λ·(p∗), Λ·(T ∗X).
Theorem 6.4.2. For t > 0, we have
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,F,2/2)
]
=
exp(−|a|2/2t)
(2pit)p/2
exp(
t
48
Trk[Ck,k] +
t
16
Trp[Ck,p])
∫
kσ(γ)
Jγσ(Y
k
0 )
Trs
Λ·(p∗)⊗E
[(
NΛ
·(p∗) − m
2
)
ρΛ
·(p∗)⊗E(k−1σ)
exp(−iρΛ·(p∗)⊗E(Y k0 ) +
t
2
Cg,E)
]
exp(−|Y k0 |2/2t)
dY k0
(2pit)q/2
.
(6.4.25)
If m is even and σ acting on p preserves the orientation, or m is odd and σ does
not preserve the orientation of p, or if dim bσ(γ) ≥ 2, then (6.4.25) vanishes.
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Proof. The proof of (6.4.25) follows from (3.2.11), (6.4.11). Using (6.4.20), (6.4.25),
the second part of our theorem follows from [12, Eqs. (7.9.1), (7.9.2)]. 
Corollary 6.4.3. If γσ is elliptic, i.e., γ = k−1 ∈ K, if dim bσ(γ) = 0, then
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,F,2/2)
]
= 0.(6.4.26)
Proof. Note that when γσ is elliptic, bσ(γ) ⊕ s is a Cartan subalgebra of z(γσ).
If dim bσ(γ) = 0, then dim pσ(γ) is even. If σ preserves the orientation of p, then
dim p⊥σ (γ) is even. If σ does not preserves the orientation of p, then dim p
⊥
σ (γ) is
odd. By Theorem 6.4.2, we get (6.4.26). 
6.5. Equivariant Ray-Singer analytic torsions on Z. Let Z be the compact
smooth manifold considered in Subsections 2.4, 6.3. The flat vector bundle F
defined in Subsection 6.4 descends to a flat vector bundle on Z, which we still
denote by F on which Σσ also acts equivariantly. Also DX,F descends to the
operator DZ,F so that
(6.5.1) DZ,F = dZ,F + dZ,F,∗.
Then DZ,F commutes with Σσ.
Let H ·(Z,F ) be the cohomology of (Ω·(Z,F ), dZ,F ). By Hodge theory,
(6.5.2) ker DZ,F ' H ·(Z,F ).
Let NΛ
·(T∗Z) denote the number operator on Ω·(Z,F ). Let (DZ,F,2)−1 be the
inverse of DZ,F,2 acting on the orthogonal space of ker DZ,F in Ω·(Z,F ).
Definition 6.5.1. For s ∈ C, Re(s) big enough, set
(6.5.3) ϑσ(g
TZ ,∇F,f , gF )(s) = −Trs
[
NΛ
·(T∗Z)σZ(DZ,F,2)−s
]
.
By standard heat equation methods [54], ϑσ(g
TZ ,∇F,f , gF )(s) extends to a mero-
morphic function of s ∈ C, which is holomorphic near s = 0.
Definition 6.5.2. Put
(6.5.4) Tσ(gTZ ,∇F,f , gF ) = 1
2
∂ϑσ(g
TZ ,∇F,f , gF )
∂s
(0).
The quantity in (6.5.4) is called the equivariant Ray-Singer analytic torsion of
(Ω·(Z,F ), dZ,F ) [52, 53, 44, 45, 18, 13].
For t > 0, as in [14, eq.(1.8.5)], put
(6.5.5) bt(F, g
F ) =
1
2
(1 + 2t
∂
∂t
)Trs
[(
NΛ
·(T∗Z) − m
2
)
σZ exp(−tDZ,F,2/4)].
Put
(6.5.6) χσ(F ) =
m∑
j=0
(−1)jTrHj(Z,F )[σ], χ′σ(F ) =
m∑
j=0
(−1)jjTrHj(Z,F )[σ].
By [14, eqs.(1.8.7),(1.8.8)], we have
(6.5.7) bt(F, g
F ) =
{
O(√t) as t→ 0,
1
2χ
′
σ(F )− m4 χσ(F ) +O(1/
√
t) as t→ +∞.
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Set
(6.5.8) b∞(F, gF ) =
1
2
χ′σ(F )−
m
4
χσ(F ).
Let Γ(s) be the Gamma function. By [14, eq.(1.8.11)], we have
Tσ(gTZ ,∇F,f , gF ) = −
∫ 1
0
bt(F, g
F )
dt
t
−
∫ +∞
1
(bt(F, g
F )− b∞(F, gF ))dt
t
−(Γ′(1) + 2(log 2− 1))b∞(F, gF ).
(6.5.9)
By (2.4.8), (2.4.14), for t > 0,
Trs
[(
NΛ
·(T∗Z) − m
2
)
σZ exp(−tDZ,F,2/4)]
=
∑
[γ]
σ
∈[Γ]σ
Vol(Γ ∩ Zσ(γ)\X(γσ))Trs[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,F,2/4)].
(6.5.10)
For γ ∈ Γ, if γ is Cσ-conjugate to an element eak−1 as in (6.1.6), put
(6.5.11) (γσ) = dim bσ(e
ak−1).
Note that
(6.5.12) (γσ) ≥ δ(Z0σ(γ)).
In particular, if γσ is elliptic, then (γσ) = δ(Z0σ(γ)). The integer (γσ) depends
only on the class [γ]
σ
∈ [Γ]σ.
Proposition 6.5.3. If one of the following four assumptions is verified:
(1) m is even and σ preserves the orientation of p;
(2) m is odd and σ does not preserve the orientation of p;
(3) (E, ρE) is irreducible as Uσ-representation, but not irreducible when re-
stricting to U ;
(4) For γ ∈ Γ, (γσ) 6= 1;
then we have
(6.5.13) Tσ(gTZ ,∇F,f , gF ) = 0
Proof. If m and σ verify one assumption of the first two cases in our proposition,
then by Theorem 6.4.2 and (6.5.10), we get that for t > 0,
(6.5.14) Trs[
(
NΛ
·(T∗Z) − m
2
)
σZ exp(−tDZ,F,2/4)] = 0.
By (6.5.5), (6.5.14), the function bt(F, g
F ) vanishes identically. In particular,
(6.5.15) b∞(F, gF ) = 0.
Then by (6.5.9), we get (6.5.13).
If (E, ρE) is irreducible as Uσ-representation, but not irreducible when restricting
to U , then by Proposition 6.1.2 and Remark 6.1.3, we get that (6.5.14), (6.5.15)
still hold. Then (6.5.13) follows.
Note that if γ ∈ Γ is such that γσ is nonelliptic, then (γσ) ≥ 1. If the fourth
assumption is verified, then by Theorem 6.4.2, Corollary 6.4.3, the identity (6.5.14)
still holds, which implies (6.5.13). This completes the proof of our proposition. 
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7. The asymptotics of the equivariant Ray-Singer analytic torsion
In this section, we compute the asymptotics of the equivariant Ray-Singer an-
alytic torsion associated with a certain family of flat homogeneous vector bundles
on a compact locally symmetric space Z = Γ\X. We extend the results of [50], [17,
Section 8] and [30].
This section is organized as follows. In Subsection 7.1, we recall the construc-
tion of the W -invariant on X associated with the group G under a nondegeneracy
condition. This construction will be applied to X(γσ) and Z0σ(γ) with γ ∈ K.
In Subsection 7.2, for a σ-fixed dominant weight λ, we construct a sequence of
representations Ed, d ∈ N of Uσ using the flag manifold Nλ. This produces a family
of flat homogeneous vector bundles Fd on X, which descends to Z.
In Subsection 7.3, we show that the nondegeneracy condition of λ for G implies
the nondegeneracy condition of λ for Z0σ(γ).
In Subsection 7.4, when γ ∈ K and dim bσ(γ) = 1, for t > 0, we compute the
asymptotics as d→ +∞ of Trs[γσ]
[(
NΛ
·(T∗X) − m2
)
exp(−tDX,Fd,2/2d2)].
In Subsection 7.5, we recall some results on the spectral gap of Hodge Laplacian
obtained in [17, Section 4] under the nondegeneracy condition.
Finally, in Subsection 7.6, we compute the leading term of Tσ(gTZ ,∇Fd,f , gFd)
as d→ +∞. The leading term is described in terms of the W -invariants associated
with elliptic elements γσ, γ ∈ Γ.
In this section, we make the same assumptions as in Subsection 6.4. In particular,
G is a connected linear reductive Lie group with compact center, and σ acts on U .
7.1. The forms et, dt and the W -invariant. Let Sg be the symmetric algebra
of g, which can be identified with the algebra of real differential operators with
constant coefficients on g. By Poincare´-Birkhoff-Witt theorem, let σ : Ug→ Sg be
the symbol map of Ug, which is an isomorphism of vector spaces. Let p̂ be another
copy of p. Together with the symbol map of Clifford algebras, we get a symbol map
(7.1.1) σ : ĉ(p̂)⊗ Ug→ Λ·(p̂∗)⊗ Sg,
which is an identification of filtered Z2-graded vector spaces.
Let e1, · · · , em be an orthonormal basis of p, then ê1, · · · , êm is a basis of p̂, and
let ê1, · · · , êm be the corresponding dual basis of p̂∗. Put
(7.1.2) β =
m∑
i=1
êiei ∈ p̂∗ ⊗ g.
By [17, eq.(1.8)], β2 ∈ Λ2(p̂∗)⊗ k is given by
(7.1.3) β2 =
1
2
[β, β] =
1
2
êiêj [ei, ej ].
Let β be the corresponding element of β in Λ·(p̂∗)⊗Ug. Then β2 ∈ Λ2(p̂∗)⊗Ug
coincides with β2 in (7.1.3).
Let ∆p be the Laplacian of Euclidean vector space p. Set
(7.1.4) |β|2 =
m∑
i=1
e2i = ∆
p ∈ Sg, |β|2 =
p∑
i=1
β(êi)
2 ∈ Ug.
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By [17, eqs.(1.10), (1.14)], we have
|β|2 ∈ S2g ∩ S2u, |β|2 = −|iβ|2 ∈ S2gC,
|β|2 ∈ Ug ∩ Uu, |β|2 = −|iβ|2 ∈ UgC.
(7.1.5)
Then
(7.1.6) σ(|β|2) = |β|2.
Set
(7.1.7) ĉ(β) =
m∑
i=1
ĉ(êi)β(êi) ∈ ĉ(p̂)⊗ Ug.
Then we have
(7.1.8) σ(ĉ(β)) = β.
Recall that TX ⊕ N = G ×K g. Note that the Lie bracket of g lifts to a Lie
bracket on the fibre of TX⊕N . In the sequel, let gr be a copy of TX⊕N equipped
with the Lie bracket on the fibre. Similarly, put
(7.1.9) Ugr = G×K Ug, Sgr = G×K Sg.
Let T̂X (resp. T̂ ∗X) be another copies of TX (resp. T ∗X) on X. Recall
that ∇TX is the Levi-Civita connection of TX. Let ∇gr,û be the connections on
T̂ ∗X⊗gr induced by the connection form ωk, and let ∇Ugr,û be the connections on
T̂ ∗X⊗Ugr induced by ωk. We still denote by ∇Ugr,û the corresponding connection
on ĉ(T̂X)⊗ Ugr.
Then ωp can be considered as a section of T ∗X⊗ gr, and β, β can be considered
as a section of T̂ ∗X ⊗ gr, T̂ ∗X ⊗ Ugr respectively. By [17, eq.(1.41)], we have
(7.1.10) ∇gr,ûβ = 0, ∇Ugr,ûβ = 0.
Definition 7.1.1. For t ≥ 0, let At be the superconnection
(7.1.11) At = ∇Ugr,û +
√
tĉ(β).
By [17, Definition 1.2], A2t is a smooth section of [Λ·(T ∗X)⊗̂ĉ(T̂X)]even ⊗ Ugr,
so that σ(A2t ) is a smooth section of [Λ·(T ∗X)⊗̂Λ·(T̂ ∗X)]even ⊗ Sgr.
If µ, ν ∈ Λ·(p∗) or Λ·(p̂∗), a, b ∈ k, we define
(7.1.12) 〈µ⊗ a, ν ⊗ b〉′ = µ ∧ ν〈a, b〉.
By [17, Theorem 1.3 and eq.(8.70)], we have
(7.1.13) σ(A2t ) = −
1
2
〈ωp,2, β2〉′ − ωp,2 + t|β|2 + tβ2.
Let N be a compact complex manifold, and let ηN be a smooth real closed
nondegenerate (1, 1)-form on N . We assume that U acts holomorphically on N
and preserves the form ηN . Let µ : N → u∗ be the moment map associated with
the action of U and ηN .
If y ∈ u, set
(7.1.14) R˜(y) =
∫
N
exp(2pii〈µ, y〉+ ηN ).
Then R˜ is U -invariant function, we can extend it to a holomorphic function uC → C.
If y ∈ uC, let Im(y) denote the component of y in iu.
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The algebra Su acts on R˜(y). Then by [17, eq.(1.24)],
(7.1.15) exp(−t|β|2)R˜(y) =
∫
N
exp(−4pi2t|〈µ, iβ〉|2 + 2pii〈µ, y〉+ ηN ).
We regard k∗ as a subspace of u∗ by the metric dual of k ⊂ u.
Definition 7.1.2. We say that (N,µ) is nondegenerate (with respect to ωp) if
(7.1.16) µ(N) ∩ k∗ = ∅.
Equivalently, there exists c > 0 such that
(7.1.17) |〈µ, iβ〉|2 ≥ c.
By [17, eq.(1.27)], if (N,µ) is nondegenerate, there exists C0 > 0, C1 > 0 such
that, if y ∈ uC,
(7.1.18) | exp(−t|β|2)R˜(y)| ≤ C0 exp(−tc+ C1|Im(y)|).
If there is no confusion, we also say that the function R˜ is nondegenerate with
respect to ωp.
Definition 7.1.3. The Berezin integral
∫ B̂
: Λ·(T ∗X)⊗̂Λ·(T̂ ∗X) → Λ·(T ∗X) is a
linear map such that, if α ∈ Λ·(T ∗X), α′ ∈ Λ·(T̂ ∗X),∫ B̂
αα′ = 0, if degα′ < m;∫ B̂
αê1 ∧ · · · ∧ êm = (−1)
m(m+1)/2
pim/2
α.
(7.1.19)
More generally, let o(p̂) be the orientation line of p̂, which can be identified with
o(p). Then
∫ B̂
defines a map from Λ·(T ∗X)⊗̂Λ·(T̂ ∗X) into Λ·(T ∗X)⊗̂o(p̂).
Let ψ be the endomorphism of Λ·(T ∗X) ⊗R C which maps α ∈ Λk(T ∗X) ⊗R C
into (2pii)−k/2α. Set
(7.1.20) L =
m∑
i=1
ei ∧ êi.
Definition 7.1.4. For t ≥ 0, set
dt = −(2pii)m/2ψ
∫ B̂ √
t
ωp ∧ β
2
exp(−σ(A2t ))R˜(0),
et = (2pii)
m/2ψ
∫ B̂ L
4
√
t
exp(−σ(A2t ))R˜(0).
(7.1.21)
Then dt, et are smooth real forms on X.
Note that the action of G on X lifts to gr, Ugr and Sgr. Then the sections ω
p, β,
β discussed above are G-invariant. Therefore, the forms et, dt are also G-invariant.
For computing them, it is enough to evaluate them at the point p1 ∈ X.
Let [·]max be defined as in (6.2.7) for X. Then [dt]max, [et]max are constant
function on X. By [17, Theorem 2.10], we have
(7.1.22) (1 + 2t
∂
∂t
)[et]
max = [dt]
max.
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Also if (N,µ) is nondegenerate, there exists c > 0 such that, on X, as t→ +∞,
(7.1.23) dt = O(e−ct), et = O(e−ct).
Definition 7.1.5. If (N,µ) is nondegenerate, set
(7.1.24) W = −
∫ +∞
0
dt
dt
t
.
Then W is a G-invariant smooth form on X with values in o(TX), so that [W ]max
is a real constant.
As explained in Subsection 0.7, in [17], the authors showed that the form W
appears naturally as the leading term in the asymptotics of the analytic torsions
for a sequence of flat homogeneous vector bundles on Z. In [17], the quantity
Vol(Z)[W ]max is called a W -invariant. Here, we use abusively this name for the
form W .
The purpose of the rest of this section is to develop an analogue of [17, Section 8]
in the context of the equivariant analytic torsions. As in Subsection 6.4, let (E, ρE)
be an irreducible unitary representation of Uσ. If (E, ρE) is not irreducible when
restricting to U , by Proposition 6.5.3, we have
(7.1.25) Tσ(gTZ ,∇F,f , gF ) = 0
Then the only non-trivial case is that (E, ρE) is also irreducible representation of
U , then it corresponds to a σ-fixed dominant weight λ of U . From now on, we focus
on this case and we will construct a family of flat homogeneous vector bundles Fd,
d ∈ N associated with λ. In Subsection 7.6, we study the asymptotic behaviors of
Tσ(gTZ ,∇Fd,f , gFd) as d → +∞. We will show that its leading term is described
in terms of W -invariants associated with σZ.
7.2. A sequence of unitary representations of Uσ. Let ureg be the set of
regular elements in u. We will set U(σ) = Uσ(1) and u(σ) = uσ(1).
As explained in the proof of Theorem 6.4.1, there exists v ∈ u(σ) ∩ ureg. If
tU = u(v), then tU is a Cartan subalgebra of u. Let TU ⊂ U be the corresponding
maximal torus. Then σ acts on tU , TU . Let RU be the associated root system,
and let WU be the associated Weyl group. If c ⊂ tU is a Weyl chamber, let R+U (c)
denote the positive root system corresponding to c, and let P++(c) denote set of
the dominant weights on u with respect to c.
Put
(7.2.1) a = tU ∩ u(σ).
Then a is a Cartan subalgebra of u(σ). Let A ⊂ U0(σ) be the corresponding
maximal torus.
Let λ ∈ t∗U be a nonzero analytically integrable element for U . We assume that
σ fixes λ, i.e., λ ∈ a∗. Now we construct a sequence of irreducible representations
(Ed, ρ
Ed), d ∈ N of Uσ such that each (Ed, ρEd) is an irreducible representation of
U with highest weight dλ. Note that in general, such sequence is not unique. Here,
following [17, Subsection 3.3, 3.4], we will use the canonical line bundle Lλ on the
flag manifold Nλ associated with λ.
More precisely, set
(7.2.2) Uσ(λ) = {u ∈ Uσ | Ad(u)λ = λ}, U(λ) = Uσ(λ) ∩ U.
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Then
(7.2.3) Uσ(λ) = U(λ)o Σσ.
Moreover, by [61, Lemma 6.2.2], U(λ) is a connected.
Using the arguments in [61, Proof of Lemma 6.2.9] and the fact that λ is nonzero
and fixed by σ, we get that there always exists a Weyl chamber c for RU such that
• R+U (c) is preserved by σ, and λ is a dominant weight with respect to c.
• There exists a Weyl chamber c1 for (u(λ)C, tU ) such that R+U(λ)(c1) =
R+U (c) ∩RU(λ) is a positive root system of RU(λ).
• Set
(7.2.4) b+ =
∑
α∈R+U (c)\R+U(λ)(c1)
uα,
then
(7.2.5) [u(λ), b+] ⊂ b+, [b+, b+] ⊂ b+.
In particular, σ preserves b+.
Set
(7.2.6) Nλ = U/U(λ) = U
σ/Uσ(λ).
Then by [61, Lemma 6.2.13], Nλ has a complex structure such that the holomorphic
tangent bundle TNλ is given by
(7.2.7) TNλ = U ×U(λ) b+ = Uσ ×Uσ(λ) b+.
Moreover, Uσ acts holomorphically and isometrically on Nλ. Put nλ = dimCNλ.
Note that λ is a dominant weight of U(λ) with respect to the maximal torus A
and the Weyl chamber c1. Let (V
λ, ρV
λ
) be an irreducible unitary representation
of Uσ(λ) which contains a component of irreducible representation of U(λ) with
highest weight λ. By the same arguments as in the proof of Proposition 6.1.2 and
Remark 6.1.3 for U(λ) and σ, we get that (V λ, ρV
λ
) restricting to U(λ) is just the
irreducible representation of U(λ) with highest weight λ.
Lemma 7.2.1. The above representation (V λ, ρV
λ
) is 1-dimensional (over C).
Proof. If α ∈ R+U(λ)(c1), then 〈α, λ〉 = 0. Let ρu(λ) be the element defined in
(6.2.11) for R+U(λ)(c1).
Note that U(λ) is connected and (V λ, ρV
λ
) is an irreducible representation of
U(λ) with highest weight λ. Then by the dimension formula [21, Chapter VI,
Theorem (1.7)], we have
(7.2.8) dimC V
λ =
∏
α∈R+
U(λ)
(c1)
〈α, λ+ ρu(λ)〉
〈α, ρu(λ)〉 = 1.
This completes the proof of our lemma. 
Put
(7.2.9) Lλ = U
σ ×Uσ(λ) V λ.
By [61, Proposition 6.3.3] and Lemma 7.2.1, Lλ is a holomorphic line bundle on
Nλ on which U
σ acts holomorphically.
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If d ∈ N>0, put
(7.2.10) Ed = H
(0,0)(Nλ, L
d
λ).
Then (Ed, ρ
Ed) is a unitary representation of Uσ. By [61, Theorem 6.3.7], each
(Ed, ρ
Ed) is an irreducible representation of U with highest weight dλ ∈ P++(c).
Let χd be the character of (Ed, ρ
Ed) on Uσ. In the sequel, for u0 ∈ U , y ∈ uσ(u0),
we study the asymptotic expansion of the function χd(u0σe
y/d) as d→ +∞.
If u0 ∈ U , then by [55, Proposition I.4], there exists u ∈ U , t0 ∈ A such that
(7.2.11) u0 = ut0σ(u
−1).
Put Z = Uσ(u0), the σ-twisted centralizer of u0 in U . Let z ⊂ u be its Lie algebra.
By (7.2.11), we get
(7.2.12) Z = uUσ(t0)u
−1, Z0 = uU0σ(t0)u
−1.
Then Ad(u)(A) is a maximal torus of Z0.
Let NU (TU ) be the normalizer of TU in U . Put
(7.2.13) NU (TU )(σ) = {g ∈ NU (TU ) | Ad(g)|tU commutes with σ|tU }.
Let NU (A) be the normalizer of A in U , then
(7.2.14) NU (TU )(σ) = NU (A).
If g ∈ NU (A), then
(7.2.15) Ad(g)λ ∈ a∗.
Let u0σNλ be the fixed point set of u0σ in Nλ, they are complex submanifolds.
If u′ ∈ U , let [u′]λ denote the corresponding points in Nλ. Note that there exists
v′ ∈ c ∩ ureg ∩ u(σ).
Lemma 7.2.2. We have
(7.2.16) u0σNλ = Z
0uNU (A)U(λ)/U(λ) ⊂ Nλ.
Moreover, let J (u0) be the index set for all connected components of u0σNλ, then
J (u0) is a finite set.
If u′ ∈ uNU (A), and if we take the Weyl chamber of (z,Ad(u)a) containing
Ad(u′)v′, then Ad(u′)λ is a dominant weight for Z0. Then the connected component
of [u′]λ is isomorphic to the flag manifold Z0/Z0(Ad(u′)λ) as complex manifolds.
Under this identification, H(0,0)(Z0/Z0(Ad(u′)λ), Lλ) is the irreducible representa-
tion of Z0 with highest weight Ad(u′)λ.
Proof. LetOλ ⊂ u∗ denote the adjoint orbit of λ by the action of U . ThenNλ ' Oλ.
Let ηλ be the canonical symplectic form on Oλ ⊂ u∗ [8, Sections 7.5, 8.2]. Then
(7.2.17) c1(Lλ, g
Lλ) = ηλ.
The corresponding moment map µ : Nλ → u∗ associated with the U -action is just
the embedding i : Oλ ⊂ u∗. Moreover, the fixed point set of u0σ is just Oλ ∩ z∗.
If λ is regular, then (7.2.16) is just an equivalent version of the results in [25, I.2
: Lemme (7)] and [19, Lemme 6.1.1]. In general, (7.2.16) is a consequence of [19,
Lemma 7.2.2]. This proves the first part of our lemma.
Fix u′ ∈ uNU (A) and x = [u′]λ ∈ u0σNλ. The stabilizer of x under the action of
Z0 is Z0(Ad(u′)λ). Let NU (c) be the normalizer of c in U .
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Put
(7.2.18) t = (u′)−1u0σ(u′) ∈ NU (A).
A direct computation shows that t ∈ NU (c) ∩ U(λ). Then the action of u0σ on
TxNλ is identified with the adjoint action of tσ on b+, so that
(7.2.19) Tx
u0σNλ = b+(tσ).
It is clear that Ad(u′)b+(tσ) ⊂ zC, and it is compatible with the Weyl chamber
given by Ad(u′)v′. Then we can take the complex structure on Z0/Z0(Ad(u′)λ)
such that the holomorphic tangent bundle is given by Ad(u′)b+(tσ).
If we take the Weyl chamber of Ad(u′)v′, then Ad(u′)λ is a dominant weight
for Z0. Using the identification of Nλ and Oλ, we get that Lλ restricting to the
connected component Z0/Z0(Ad(u′)λ) is just the canonical line bundle associated
with the dominant weight Ad(u′)λ. The last part of our lemma follows from the
Borel-Weil theorem. This completes the proof of our lemma. 
If j ∈ J (u0), let u0σN jλ denote the corresponding connected component of u0σNλ.
Let µ : Nλ → u∗ be the moment map associated with the action of U on Lλ →
Nλ. As explained in the proof of Lemma 7.2.2, the restriction of µ to each
u0σN jλ
is just the moment map associated with the action of Z0 on Lλ → u0σN jλ.
Definition 7.2.3. If y ∈ z, j ∈ J (u0), set
(7.2.20) Rju0,λ(y) =
∫
u0σNjλ
exp
(
2pii〈µ, y〉+ c1(Lλ|u0σNλ , gLλ|u0σNλ )
)
.
Note that Rju0,λ(y) is just of the same type as the functions in (7.1.14). We can
verify that Rju0,λ is a Z
0-invariant function on z. Also Rju0,λ(y) can be computed
by the localization formulas in [26, 27], [8, Chapter 7]. Let ∆z be the standard
Laplacian on z, then by [17, eq.(8.146)], we have
(7.2.21) ∆zRju0,λ = −4pi2|λ|2R
j
u0,λ
.
Let q be the orthogonal subspace of z in u with respect to B. If u′ ∈ Z0uNU (A),
let z(Ad(u′)λ) be the Lie algebra of Z0(Ad(u′)λ), and let z⊥(Ad(u′)λ) be the or-
thogonal of z(Ad(u′)λ) in z. Put
(7.2.22) q(Ad(u′)λ) = q ∩ u(Ad(u′)λ).
Let q⊥(Ad(u′)λ) be the orthogonal of q(Ad(u′)λ) in q. Then
(7.2.23) u(Ad(u′)λ) = z(Ad(u′)λ)⊕ q(Ad(u′)λ).
Put
ϕu0(u
′) =
1
det 1/2(Ad(u0σ)|q⊥(Ad(u′)λ))
Â
u0σ|q⊥(Ad(u′)λ)(0).(7.2.24)
Note that there is no sign ambiguity in (7.2.24).
Lemma 7.2.4. If x = [u′]λ ∈ u0σNλ with u′ ∈ Z0uNU (A), then the map x 7→
ϕu0(u
′) defines a locally constant function ϕu0(x) on
u0σNλ. In particular, for
j ∈ J (u0), let ϕju0 ∈ C denote the value of ϕu0 on the component u0σN jλ.
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Proof. By (7.2.16), (7.2.24), the function ϕu0(x) is a well-defined function on
u0σNλ.
If h ∈ Z0, then
(7.2.25) q⊥(Ad(hu′)λ) = Ad(h)q⊥(Ad(u′)λ).
Since Ad(h) commutes with Ad(u0σ), then ϕu0(x) is a Z
0-invariant function on
u0σNλ. This completes the proof of our lemma. 
Put
(7.2.26) n(u0σ) = max{dimC u0σN jλ | j ∈ J (u0)}.
We may call n(u0σ) the (maximal) dimension of the complex manifold
u0σNλ. Let
J (u0)max be the subset of J (u0) of the index j with dimC u0σN jλ = n(u0σ), i.e. the
index set for the connected component of u0σNλ of the maximal dimension.
Proposition 7.2.5. For j ∈ J (u0), if uj ∈ U is such that xj ∈ [uj ]λ ∈ u0σN jλ, then
u−1j u0σ(uj) ∈ U(λ) and ru0,j = ρV
λ
(u−1j u0σ(uj)) ∈ S1 only depends on j ∈ J (u0).
The action of u0σ on fiber Lλ,xj is given the multiplication by the number ru0,j.
If y ∈ z, as d→ +∞, then
(7.2.27) χd(u0σe
y/d) = dn(u0σ)
∑
j∈J (u0)max
rdu0,jϕ
j
u0R
j
u0,λ
(y) +O(dn(u0σ)−1).
Proof. The first part of our proposition follows from the definition of Nλ, Lλ and
(7.2.16). We will use a fixed point formula of Berline and Vergne [9, Theorem 3.23]
to get (7.2.27).
If B is a complex (q, q) matrix, Let Td(B) denote the Todd function of B [17,
Subsection 3.4]. Set
(7.2.28) e(B) = detB.
Let ∇TNλ be the Chern connection on TNλ, and let RTNλ be its curvature. If
y ∈ u, let yNλ be the associated real vector field on Nλ let LTNλy be the natural
action of y on the smooth sections of TNλ. Let ν
TNλ(y) be the map given by
(7.2.29) 2piiνTNλ(y) = ∇TNλ
yNλ
− LTNλy .
If x ∈ u0σNλ, let eiθ1 , · · · , eiθl , 0 ≤ θ1, · · · , θl < 2pi be the distinct eigenvalues
of u0σ acting on TxNλ. Since u0σ is parallel, these eigenvalues are locally constant
on u0σNλ. Then TNλ|u0σNλ splits holomorphically as an orthogonal sum of the
subbundles TN
θj
λ . The Chern connection ∇TNλ|u0σNλ on TNλ|u0σNλ splits as the
sum of the Chern connection on TN
θj
λ . Let R
θj denote the corresponding curvature.
If y ∈ z, let νTNλ|u0σNλ (y) be the restriction of νTNλ(y) to u0σNλ, which is given
by the same formula as in (7.2.29) with respect to the action of Z0 on TNλ|u0σNλ .
The action of νTNλ|u0σNλ (y) preserves the splitting of TNλ|u0σNλ . The equivariant
Todd genus is given by
Tdu0σy (TNλ|u0σNλ , gTNλ|u0σNλ )
= Td(− R
0
2pii
+ νTN
0
λ(y))
∏
θj 6=0
(Td
e
)(− Rθj
2pii
+ νTN
θj
λ (y) + iθj
)
.
(7.2.30)
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We will denote by Tdu0y (TNλ|u0σNλ) the corresponding equivariant cohomology
class of Tdu0y (TNλ|u0σNλ , gTNλ|u0σNλ ). We refer to [9], [8, Chapter 7] for more
details.
Let ru0 ∈ S1 denote the action of u0σ on Lλ|u0σNλ , which is equal to ru0,j on
u0σN jλ. For d ∈ N, the equivariant Chern character form of Lλ|u0σNλ is given by
chu0σy (L
d
λ|u0σNλ , gL
d
λ|u0σNλ ) = rdu0 exp
(
2piid〈µ, y〉+ dc1(Lλ|u0σNλ , gLλ|u0σNλ )
)
.
(7.2.31)
By [9, Theorem 3.23], if y is in a small neighborhood of z, we have
χd(u0σe
y) =
∫
u0σNλ
Tdu0y (TNλ|u0σNλ)rdu0
exp
(
2piid〈µ, y〉+ dc1(Lλ|u0σNλ , gLλ|u0σNλ )
)
.
(7.2.32)
For y ∈ z, when we take the asymptotics of χd(u0σey/d) as d → +∞, only the
maximal dimensional components of u0σNλ contribute to the leading term. The
term Tdu0y/d(TNλ|u0σNλ) only contributes the degree 0 part of Tdu00 (TNλ|u0σNλ),
which is just the function ϕu0 defined in Lemma 7.2.4. If j ∈ J (u0)max, the integra-
tion of exp
(
2pii〈µ, y〉+ dc1(Lλ|u0σNλ , gLλ|u0σNλ )
)
on u0σN jλ is just d
n(u0σ)Rju0,λ(y).
Then we get (7.2.27). This completes the proof of our proposition. 
7.3. The nondegeneracy condition. We still use the same assumptions as in
Subsection 7.2. Note that we can identify Nλ with the coadjoint orbit Oλ in u∗.
Using the orthogonal relations, we have
(7.3.1) u∗ =
√−1p∗ ⊕ k∗.
Then the nondegeneracy condition defined in Definition 7.1.2 is also equivalent to
say that if v ∈ Oλ, v always has a nonzero component in
√−1p∗.
Take k ∈ K, then kσ is an elliptic element in Gσ. We can also consider it as an
element in Uσ. Recall that U0σ(k) is the identity component of σ-twisted centralizer
of k in U . Then it is the compact form of Z0σ(k). By the discussion in Subsection
1.5, Z0σ(k) is still a linear reductive group with the Cartan involution induced by θ,
and K0σ(k) is the corresponding maximal compact subgroup of Z
0
σ(k). By Theorem
1.5.2, we have
(7.3.2) X(kσ) = Z0σ(k)/K
0
σ(k).
Recall that ωzσ(k) = ωkσ(k) + ωpσ(k) is the canonical 1-form on Z0σ(k).
By Lemma 7.2.2, we have
(7.3.3) kσNλ = ∪j∈J (k)kσN jλ.
If j ∈ J (k), the function Rjk,λ is defined in (7.2.20). Then proceeding as in Subsec-
tion 7.1, by using instead (Z0σ(k),K
0
σ(k)) and ω
pσ(k), associated with Rjk,λ, we get
the invariant differential forms ejk,t, d
j
k,t, t > 0 on X(kσ).
If the function Rjk,λ satisfies the nondegeneracy condition with respect to ω
pσ(k),
then there exists cj > 0 such that, as t→ +∞,
(7.3.4) ejk,t = O(e−cjt), djk,t = O(e−cjt).
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Put
(7.3.5) W jkσ = −
∫ +∞
0
djk,t
dt
t
.
We say that W jkσ is the W -invariant associated with kσ and the function R
j
k,λ.
Proposition 7.3.1. Take k ∈ K. If (Nλ, µ) defined in Subsection 7.2 is nondegen-
erate with respect to ωp, then for j ∈ J (k), (kσN jλ, µ|kσNjλ) is nondegenerate with
respect to ωpσ(k).
Proof. As in the proof of Lemma 7.2.2, we have
(7.3.6) kσNλ ' Oλ ∩ uσ(k)∗.
The splitting (7.3.1) induces a splitting of uσ(k)
∗,
(7.3.7) uσ(k)
∗ =
√−1pσ(k)∗ ⊕ kσ(k)∗.
By Definition 7.1.2, if (Nλ, µ) is nondegenerate, then µ(Nλ) ∩ k∗ = ∅, so that
µ(kσN jλ)∩kσ(k)∗ = ∅, which says that (kσN jλ, µ|kσMjλ) is nondegenerate with respect
to ωpσ(k). This completes the proof of our proposition. 
In the sequel, we always assume that (Nλ, µ) is nondegenerate with respect to
ωp. If γ ∈ G is such that γσ is elliptic, we can not regard γσ as an element of
Uσ anymore. But there exists g ∈ G such that k = gγσ(g−1) ∈ K. Then we can
construct the data (rk,j , ϕ
j
k, R
j
k,λ)j∈J (k), and we associated with them the invariant
forms ejk,t, d
j
k,t, W
j
kσ, j ∈ J (k) on X(kσ).
If we take another g′ ∈ G such that k′ = g′γσ(g′−1) ∈ K, then Zσ(k) and Zσ(k′)
can be identified by the conjugation of h = g′g−1 ∈ G. But we still use the Cartan
involution on Zσ(k
′) induced from θ to define the associated forms ejk′,t, d
j
k′,t, W
j
k′σ,
j ∈ J (k′) on X(k′σ).
Lemma 7.3.2. Let γ ∈ G, k, k′ ∈ K be as above. Then we have n(kσ) = n(k′σ).
Moreover, there is an identification between J (k) and J (k′) such that if j ∈ J (k) =
J (k′), we have
(7.3.8) rk,j = rk′,j , ϕ
j
k = ϕ
j
k′ , [W
j
kσ]
max = [W jk′σ]
max.
Proof. By the Cartan decomposition of G, there exist unique f ∈ p, k0 ∈ K such
that h = k0e
f . Since hkσ(h−1) = k′, we get k0kσ(k−10 ) = k
′. Moreover,
(7.3.9) k0Zσ(k)k
−1
0 = Zσ(k
′), k0Uσ(k)k−10 = Uσ(k
′).
The fixed point sets of kσ and k′σ in Nλ are identified via the action of k0. This
way, we identify J (k) with J (k′). On the fixed point sets, the actions of kσ on
the bundles TNλ, Lλ are identified with the corresponding actions of k
′σ. There-
fore, the data (rk′,j , ϕ
j
k′ , R
j
k′,λ)j∈J (k′) can be identified with (rk,j , ϕ
j
k, R
j
k,λ)j∈J (k)
via the action of k0. In particular, n(kσ) = n(k
′σ) and rk,j = rk′,j , ϕ
j
k = ϕ
j
k′ .
The last identity of (7.3.8) follows from (7.3.9) and the fact that the Cartan invo-
lutions on Zσ(k), Zσ(k
′) that we use to define the W -invariants are identified by
the conjugation of k0. 
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7.4. Asymptotics of the elliptic twisted orbital integrals. Let (Ed, ρ
Ed),
d ∈ N be the sequence of irreducible unitary representations of Uσ constructed in
Subsection 7.2. We extend this family to a family of representations of Gσ. Then
we get a family of flat homogeneous vector bundles Fd = G ×K Ed, d ∈ N on
X equipped with the equivariant action of Σσ. Recall that DX,Fd,2 is the Hodge
Laplacian associated with Fd.
In this subsection, we always assume that (Nλ, µ) is nondegenerate with respect
to ωp, and we take γ = k−1 ∈ K. Then
(7.4.1) uσ(γ) =
√−1pσ(γ)⊕ kσ(γ).
As in the proof of Theorem 6.4.1, there exists v′ ∈ kσ(γ)∩ kreg. If t = k(v′), then
t is a Cartan subalgebra of k. Let T be the corresponding maximal torus of K.
Put
(7.4.2) s = t ∩ kσ(γ).
Then s is a Cartan subalgebra of kσ(γ).
Recall that bσ(γ) ⊂ p is defined in (6.4.13), then bσ(γ)⊕s is a Cartan subalgebra
of zσ(γ). As we saw in Theorem 6.4.2, Corollary 6.4.3, the twisted orbital integral
in (6.4.25) associated with this γσ vanishes except the case dim bσ(γ) = 1. In the
sequel, we also assume that dim bσ(γ) = 1, then dim pσ(γ) is odd and δ(Z
0
σ(γ)) = 1.
This assumption also implies that δ(G) ≥ 1, which is a necessary condition for the
existence of the nondegenerate (Nλ, µ) discussed in Subsections 7.2 and 7.3.
Recall that for the triples (rγ,j , ϕ
j
γ , R
j
γ,λ)j∈J (γ) and the associated invariant
forms ejγ,t, d
j
γ,t, W
j
γσ, j ∈ J (γ) on X(γσ) are constructed in Subsection 7.2, 7.3.
The main results of this subsection is as follows.
Theorem 7.4.1. Suppose that dim bσ(γ) = 1. For t > 0, as d→ +∞,
d−n(γσ)−1Trs[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,Fd,2/2d2)
]
= 2
∑
j∈J (γ)max
rdγ,jϕ
j
γ [e
j
γ,t/2]
max +O(d−1),
d−n(γσ)−1Trs[γσ]
[(
NΛ
·(T∗X) − m
2
)
(1− tD
X,Fd,2
d2
) exp(−tDX,Fd,2/2d2)
]
= 2
∑
j∈J (γ)max
rdγ,jϕ
j
γ [d
j
γ,t/2]
max +O(d−1).
(7.4.3)
There exists C ′ > 0 such that for d > 1, we have∣∣∣∣d−n(γσ)−1 ∫ d
1
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,Fd,2/2d2)]dt
t
− 2
∑
j∈J (γ)max
rdγ,jϕ
j
γ
∫ d
1
[ejγ,t/2]
max dt
t
∣∣∣∣ ≤ C ′d .
(7.4.4)
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There exists C > 0 such that for d ∈ N>0, 0 < t ≤ 1,∣∣∣∣d−n(γσ)−1Trs[γσ][(NΛ·(T∗X) − m2 ) exp(−tDX,Fd,2/2d2)]
∣∣∣∣ ≤ C/√t∣∣∣∣d−n(γσ)−1Trs[γσ][(NΛ·(T∗X) − m2 )(1− tDX,Fd,2/d2)
exp(−tDX,Fd,2/2d2)]∣∣∣∣ ≤ C√t.
(7.4.5)
There exists c > 0, c′ > 0 such that for t ≥ 1, d large enough, we have
(7.4.6)
∣∣∣∣d−n(γσ)−1Trs[γσ][(NΛ·(T∗X) − m2 ) exp(−tDX,Fd,2/2d2)]
∣∣∣∣ ≤ ce−c′t.
Proof. Note that (7.4.3) is an extension of [17, Theorem 8.14].
By (6.4.25), for d ∈ N>0, we get
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,Fd,2/2d2)
]
=
dp
(2pit)p/2
exp(
t
48d2
Trk[Ck,k] +
t
16d2
Trp[Ck,p])
∫
kσ(γ)
Jγσ(
√
tY k0 /d)
· TrsΛ
·(p∗)[
(
NΛ
·(p∗) − m
2
)
ρΛ
·(p∗)(k−1σ) exp(−iρΛ·(p∗)(√tY k0 /d))]
· TrEd [ρEd(k−1σ) exp(−iρEd(√tY k0 /d) +
t
2d2
Cg,Ed)] exp(−|Y
k
0 |2
2
)
dY k0
(2pi)q/2
.
(7.4.7)
In this proof, we denote by C or c a positive constant independent of the variables
d, t and Y k0 . We use the symbol Oind to denote the big-O convention which does
not depend on d, t and Y k0 . Set 〈Y k0 〉 =
√
1 + |Y k0 |2.
By (3.1.8), for d ≥ 1, t > 0 and Y k0 ∈ kσ(γ), we have
(7.4.8) Jγσ(
√
tY k0 /d) =
1
det(1−Ad(k−1σ))|p⊥σ (γ)
+Oind(
√
t|Y k0 |
d
eC
√
t|Y k0 |
d ).
Let b⊥σ (γ) ⊂ pσ(γ) be the space orthogonal to the one-dimensional line bσ(γ) in
pσ(γ). If Y
k
0 ∈ s, by [17, eq.(8.133)], we have
Trs
Λ·(p∗)[
(
NΛ
·(p∗) − m
2
)
ρΛ
·(p∗)(k−1σ) exp(−iρΛ·(p∗)(√tY k0 /d))]
= −det(1− exp(−iad(√tY k0 /d)))|b⊥σ (γ)
· det(1−Ad(k−1σ) exp(−iad(√t|Y k0 |/d)))|p⊥σ (γ).
(7.4.9)
By (7.4.9) if Y k0 ∈ s, d ≥ 1 and if t > 0, we get
dp−1
t(p−1)/2
Trs
Λ·(p∗)[
(
NΛ
·(p∗) − m
2
)
ρΛ
·(p∗)(k−1σ) exp(−iρΛ·(p∗)(√tY k0 /d))]
= − det(iad(Y k0 ))|b⊥σ (γ) det(1−Ad(k−1σ))|p⊥σ (γ) +Oind(
√
t|Y k0 |
d
eC
√
t|Y k0 |
d ).
(7.4.10)
Let Ω̂zσ(γ) ∈ Λ2(p̂σ(γ)∗) ⊗ kσ(γ) be a copy of Ωzσ(γ). Let L and the Berezin
integral be the ones as in (7.1.10) and (7.1.19) associated with pσ(γ). Note that
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dim pσ(γ) is odd, then by (7.1.19), we have
(7.4.11) pi−p/2 det(iad(Y k0 ))|b⊥σ (γ) = −
[ ∫ B̂
L exp(〈Y k0 ,Ωzσ(γ) + Ω̂zσ(γ)〉)
]max
.
Combining (7.4.10) and (7.4.11), we get that if Y k0 ∈ s, d ≥ 1 and if t > 0,
pi−p/2(
d√
t
)p−1TrsΛ
·(p∗)[
(
NΛ
·(p∗) − m
2
)
ρΛ
·(p∗)(k−1σ) exp(−iρΛ·(p∗)(√tY k0 /d))]
=
[ ∫ B̂
L exp(〈Y k0 ,Ωzσ(γ) + Ω̂zσ(γ)〉)
]max
det(1−Ad(k−1σ))|p⊥σ (γ)
+ Oind(
√
t|Y k0 |
d
eC
√
t|Y k0 |
d ).
(7.4.12)
Using the adjoint invariance, the equation (7.4.12) extends to Y k0 ∈ kσ(γ).
Note that since (Nλ, µ) is nondegenerate, then there exists a small constant
 ∈]0, |λ|2 ] such that on Nλ, for Y k0 ∈ k
(7.4.13) |〈µ, Y k0 〉| ≤ (|λ| − )|Y k0 |.
Then by (7.2.20), we have
(7.4.14) |Rjγ,λ(−i
√
tY k0 )| ≤ Ce2pi
√
t(|λ|−)|Y k0 |.
By (7.2.32) and (7.4.13), we get that for d ≥ 1, t > 0 and Y k0 ∈ kσ(γ),
d−n(γσ)TrEd [ρEd(k−1σ) exp(−iρEd(√tY k0 /d))]
=
∑
j∈J (γ)max
rdγ,jϕ
j
γR
j
γ,λ(−i
√
tY k0 ) +Oind
( (√t+ 1)〈Y k0 〉
d
e2pi
√
t(|λ|−)|Y k0 |+C
√
t
d |Y k0 |
)
.
(7.4.15)
Combining (7.4.8), (7.4.12), (7.4.14) and (7.4.15), we get that for d ≥ 1, t > 0
and Y k0 ∈ kσ(γ),
dp−1−n(γσ)
pip/2t(p−1)/2
Jγσ(
√
tY k0
d
)Trs
Λ·(p∗)[(NΛ·(p∗) − m
2
)
ρΛ
·(p∗)(k−1σ)e−iρ
Λ·(p∗)(
√
tY k0 /d)
]
·TrEd [ρEd(k−1σ) exp(−iρEd(√tY k0 /d))]
=
∑
j∈J (γ)max
rdγ,jϕ
j
γ
[ ∫ B̂
L exp(〈Y k0 ,Ωzσ(γ) + Ω̂zσ(γ)〉)
]max
Rjγ,λ(−i
√
tY k0 )
+ Oind
( (√t+ 1)〈Y k0 〉
d
e2pi
√
t(|λ|−)|Y k0 |+C
√
t
d |Y k0 |
)
.
(7.4.16)
Let ρu be the half of the sum of the positive roots in R
+
U (c). By (3.2.8) and
(6.4.24), we have
(7.4.17)
t
48d2
Trk[Ck,k] +
t
16d2
Trp[Ck,p] +
t
2d2
Cg,E = −2pi
2t|dλ+ ρu|2
d2
.
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Using the same arguments as in [17, eq.(8.143) - eq.(8.154)], we get that for each
j ∈ J (γ)max,
e−2pi
2t|λ|2
2p/2
√
t
∫
kσ(γ)
[ ∫ B̂
L exp(〈Y k0 ,Ωzσ(γ) + Ω̂zσ(γ)〉)
]max
Rjγ,λ(−i
√
tY k0 )
· exp(−|Y k0 |2/2)
dY k0
(2pi)q/2
= 2[ejγ,t/2]
max.
(7.4.18)
By (7.4.7), (7.4.16), (7.4.18), we get
d−n(γσ)−1Trs[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,Fd,2/2d2)]
= 2 exp(−2pi
2t|dλ+ ρu|2
d2
+ 2tpi2|λ|2)
∑
j∈J (γ)max
rdγ,jϕ
j
γ [e
j
γ,t/2]
max +R(t, d).
(7.4.19)
Here R(t, d) is an error term such that
(7.4.20)
|R(t, d)| ≤ C
√
t+ 1√
t
e−
2pi2t
d2
|dλ+ρu|2
d
∫
kσ(γ)
〈Y k0 〉e2pi
√
t(|λ|−)|Y k0 |+C
√
t|Y k0 |
d −|Y k0 |2/2dY k0 .
Set c0 = 2pi
2(|λ|2 − (|λ| − )2) > 0. Then for d ≥ 1, t > 0,
(7.4.21) |R(t, d)| ≤ C
√
t+ 1√
t
tq/2
d
e−c0t+
ct
d .
By (7.4.19), (7.4.21), we get the first identity in (7.4.3). By (7.1.22), we get
the second identity in (7.4.3). Then using (7.4.19), (7.4.21) for 0 ≤ t ≤ 1 and by
(7.1.21), we get the first estimate of (7.4.5). Note that there exists d0 ∈ N large
enough such that if d ≥ d0, then
(7.4.22)
c
d
≤ 1
4
c0
Recall that ejγ,t/2 has the exponential decay of as t → +∞ described in (7.1.23).
Together with (7.4.19), (7.4.21) and (7.4.22), we get (7.4.6). Note that for d > 1
(7.4.23)
∫ d
1
|R(t, d)|dt
t
≤ C
′
d
.
Then (7.4.4) follows from (7.4.19) and (7.4.23).
We now prove the second estimate in (7.4.3). If Y k0 ∈ kσ(γ), set
f(Y k0 ) = Jγσ(Y
k
0 ) det(1−Ad(k−1σ) exp(−iad(Y k0 )))|p⊥σ (γ)
·d−n(γσ)TrEd [ρEd(k−1σ) exp(−iρEd(Y k0 ))].
(7.4.24)
Then f(Y k0 ) is an analytic function on kσ(γ). If Y
k
0 ∈ s, by (7.4.9), (7.4.24), we have
dp−n(γσ)−1
tp/2
Jγσ(
√
tY k0
d
)Trs
Λ·(p∗)[(NΛ·(p∗) − m
2
)
Ad(k−1σ) exp(−iρΛ·(p∗)(
√
tY k0
d
))
]
TrEd [ρEd(k−1σ) exp(−iρEd(√tY k0 /d))]
=
1√
t
f(
√
tY k0
d
)
dp−1
t(p−1)/2
det(1− exp(−iad(√tY k0 /d)))|b⊥σ (γ).
(7.4.25)
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Let ∇f(Y k0 ) be the gradient of f on kσ(γ) with respect to the Euclidean scalar
product of kσ(γ). Put
I(t, Y k0 , d) =
∂
∂t
(
f(
√
tY k0
d
)
dp−1
t(p−1)/2
det(1− exp(−iad(√tY k0 /d)))|b⊥σ (γ)
)
=
1
t
〈∇f(
√
tY k0
d
),
√
tY k0
2d
〉 d
p−1
t(p−1)/2
det(1− exp(−iad(√tY k0 /d)))|b⊥σ (γ)
+f(
√
tY k0
d
)
∂
∂t
(
dp−1
t(p−1)/2
det(1− exp(−iad(√tY k0 /d)))|b⊥σ (γ)
)
.
(7.4.26)
Since Trb
⊥
σ (γ)[ad(Y k0 )] = 0, then there exists c
′ > 0, C ′ > 0 such that for d ∈ N>0,
0 < t ≤ 1, and Y k0 ∈ s,
(7.4.27)
∂
∂t
(
dp−1
t(p−1)/2
det(1− exp(−iad(√tY k0 /d)))|b⊥σ (γ)
)
≤ C ′ exp(c′|Y k0 |).
Also since dim b⊥σ (γ) is even, when taking the Taylor expansion of the function
as follows
(7.4.28)
1
t
〈∇f(
√
tY k0
d
),
√
tY k0
2d
〉 d
p−1
t(p−1)/2
det(1− exp(−iad(√tY k0 /d)))|b⊥σ (γ),
the terms of even power of Y k0 have no negative powers of the parameter t in their
coefficient. Using the conjugation invariance of the left-hand side of (7.4.25), the
above consideration still hold for Y k0 ∈ kσ(γ).
By (7.4.26), (7.4.27), there exist C > 0 such that for d ∈ N>0, 0 < t ≤ 1,
(7.4.29)
∣∣∣∣ ∫
kσ(γ)
I(t, Y k0 , d) exp(−|Y k0 |2/2)dY k
∣∣∣∣ ≤ C.
Using the fact that the two quantities in (7.4.5) are related by the operator
1 + 2t ∂∂t , and by (7.4.25), (7.4.29), we get the second estimate in (7.4.5). This
completes the proof of our theorem. 
7.5. A lower bound for the Hodge Laplacian on X. We use the notation as
in Subsection (6.4). Recall that e1, · · · , em is an orthogonal basis of TX or p.
Recall that Cg,H is defined in (3.2.3). Let Cg,H,E be its action on E. Then
(7.5.1) Cg,E = Cg,H,E + Ck,E .
Let ∆H,X be the Bochner-Laplace operator on bundle Λ·(T ∗X)⊗ F . Put
Θ(E) =
SX
4
− 1
8
〈RTX(ei, ej)ek, e`〉c(ei)c(ej)ĉ(ek)ĉ(e`)
−Cg,H,E + 1
2
(
c(ei)c(ej)− ĉ(ei)ĉ(ej)
)
RF (ei, ej).
(7.5.2)
Then Θ(E) is a self-adjoint section of End(Λ·(T ∗X)⊗F ), which is parallel with
respect to ∇Λ·(T∗X)⊗F,u. By [17, eq.(8.39)], we have
DX,F,2 = −∆H,X + Θ(E).(7.5.3)
Let 〈·, ·〉L2 be the L2 scalar product of Ω·c(X,F ). If s ∈ Ω·c(X,F ), we have
(7.5.4) 〈DX,F,2s, s〉L2 ≥ 〈Θ(E)s, s〉L2 .
Let ∆H,X,i denote the Bochner-Laplace operator acting on Ωi(X,F ), and let
pH,it (x, x
′) be the kernel of exp(t∆H,X,i/2) on X with respect to dx′. We will
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denote by pH,it (g) ∈ End(Λi(p∗)⊗ E) its lift to G explained in Subsection 2.1. Let
∆X0 be the scalar Laplacian on X with the heat kernel p
X,0
t .
Let ||pH,it (g)|| be the operator norm of pH,it (g) in End(Λi(p∗) ⊗ E). By [51,
Proposition 3.1], if g ∈ G, then
(7.5.5) ||pH,it (g)|| ≤ pX,0t (g).
Let pHt be the kernel of exp(t∆
H,X/2), then
(7.5.6) pHt = ⊕pi=1pH,it .
Let qX,Ft be the heat kernel associated with D
X,F,2/2, by (7.5.3), for x, x′ ∈ X,
(7.5.7) qX,Ft (x, x
′) = exp(−tΘ(E)/2)pHt (x, x′).
Now we consider the representations (Ed, ρ
Ed), d ∈ N constructed in Subsection
7.2. We also assume that (Nλ, µ) is nondegenerate with respect to ω
p. By [17,
Theorem 4.4 and Remark 4.5], there exist c > 0, C > 0 such that, for d ∈ N,
(7.5.8) Θ(Ed) ≥ cd2 − C.
By (7.5.3), (7.5.4), (7.5.8), we get
(7.5.9) DX,Fd,2 ≥ cd2 − C.
Lemma 7.5.1. There exists d0 ∈ N and c0 > 0 such that if d ≥ d0, x, x′ ∈ X
(7.5.10) ||qX,Fdt (x, x′)|| ≤ e−c0d
2tpX,0t (x, x
′).
Proof. By (7.5.8), there exist d0 ∈ N, c′ > 0 such that if d ≥ d0,
(7.5.11) Θ(Ed) ≥ c′d2.
Then if t > 0,
(7.5.12) || exp(−tΘ(Ed)/2)|| ≤ e−c′d2t/2.
By (7.5.5), (7.5.6), (7.5.7), (7.5.12), we get (7.5.10). This completes the proof of
our lemma. 
Let Γ be a cocompact torsion-free discrete subgroup of G such that σ(Γ) = Γ.
Recall that Eσ is the set of elliptic classes in [Γ]σ. By Proposition 1.8.4, we have
(7.5.13) cΓ,σ = inf
[γ]
σ
∈[Γ]σ\Eσ
mγσ > 0.
For t > 0, x ∈ X, γ ∈ Γ, set
(7.5.14) vt(Ed, γσ, x) =
1
2
Trs
Λ·(T∗X)⊗Fd
[(
NΛ
·(T∗X) − m
2
)
qX,Edt/2 (x, γσ(x))γσ
]
.
Lemma 7.5.2. There exist C0 > 0, c0 > 0 such that if d is large enough, for t > 0,
x ∈ X, γ ∈ Γ,
(7.5.15) |vt(Ed, γσ, x)| ≤ C0 dim(Ed)e−c0d2tpX,0t (x, γσ(x)).
Proof. Using Lemma 7.5.1, by (7.5.14), we get (7.5.15). This completes the proof
of our lemma. 
Proposition 7.5.3. There exist constants C > 0, c > 0 such that if x ∈ X,
t ∈ ]0, 1], then
(7.5.16)
∑
γ∈Γ,γσ nonelliptic
pX,0t (x, γσ(x)) ≤ C exp(−c/t).
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Proof. By [23, Theorem 3.3], there exists C0 > 0 such that when 0 < t ≤ 1, one
has
(7.5.17) pX,0t (x, x
′) ≤ C0t−m/2 exp(−d
2(x, x′)
4t
).
By Lemma 1.8.5, (7.5.13), (7.5.17), and using the same arguments as in the proof
of [51, Proposition 3.2], we get (7.5.16). 
7.6. Asymptotics of the equivariant Ray-Singer analytic torsions. We will
use the notation in Subsections 2.4, 6.5. In particular, Z = Γ\X is a compact
manifold on which Σσ acts. Then the flat vector bundle Fd descends to Z, which
we still denote by Fd. The operator D
X,Fd descends to the Hodge Laplacian DZ,Fd .
Moreover, the action of Σσ lifts to Fd so that D
Z,Fd commutes with Σσ. For
d ∈ N>0, recall that Tσ(gTZ ,∇Fd,f , gFd) is the σ-equivariant Ray-Singer analytic
torsion of the de Rham complex (Ω·(Z,Fd), dZ,Fd).
By (7.5.9), we have
(7.6.1) DZ,Fd,2 ≥ cd2 − C.
Then if d is large enough, we have
(7.6.2) H ·(Z,Fd) = 0.
By (6.5.4), (6.5.6), if d is large enough, we have
(7.6.3) χσ(Fd) = 0, χ
′
σ(Fd) = 0.
Recall that the function bt(Fd, g
Fd) is defined in (6.5.5). Then by (6.5.8), (6.5.9),
(7.6.3), we have
(7.6.4) Tσ(gTZ ,∇Fd,f , gFd) = −
∫ +∞
0
bt(Fd, g
Fd)
dt
t
.
Recall that Eσ is the set of elliptic classes in [Γ]σ. Set
(7.6.5) E1σ = {[γ]σ ∈ Eσ | δ(Z
0
σ(γ)) = 1}.
Proposition 7.6.1. There exists c > 0 such that for d large enough,
Tσ(gTZ ,∇Fd,f , gFd) = −1
2
∑
[γ]
σ
∈E1σ
Vol(Γ ∩ Zσ(γ)\X(γσ))
·
∫ d
0
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
(1− t
2d2
DX,Fd,2)e−
t
4d2
DX,Fd,2
]
dt
t
+O(e−cd).
(7.6.6)
If E1σ = ∅, as d→ +∞,
(7.6.7) Tσ(gTZ ,∇Fd,f , gFd) = O(e−cd).
Proof. By (7.6.4), we have
(7.6.8) Tσ(gTZ ,∇Fd,f , gFd) = −
∫ +∞
1/d
bt(Fd, g
Fd)
dt
t
−
∫ d
0
bt/d2(Fd, g
Fd)
dt
t
.
By (7.6.1) and using the same arguments as in [17, Subsection 7.2], we can get
that there exists c > 0 such that
(7.6.9)
∫ +∞
1/d
bt(Fd, g
Fd)
dt
t
= O(e−cd).
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By (2.4.2), (6.5.5), (7.5.14), we get
bt(Fd, g
Fd) = (1 + 2t
∂
∂t
)
∫
Z
∑
γ∈Γ
vt(Ed, γσ, z)dz.(7.6.10)
We split the sum in (7.6.10) into two parts:
(7.6.11)
∑
γ∈Γ,γσ elliptic
+
∑
γ∈Γ,γσ nonelliptic
By (2.4.5), (2.4.7), (2.4.11), the integral of the first part in (7.6.11) is just the sum of
the twisted orbital integrals associated with the elliptic classes in Eσ. If [γ]σ
∈ Eσ
and if [γ]
σ
/∈ E1σ, then by Theorem 6.4.2, Corollary 6.4.3, we get that for t > 0,
(7.6.12) Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,Fd,2/4d2)
]
= 0.
This gives the the first sum in the right-hand side of (7.6.6).
If x ∈ X, put
(7.6.13) ht(Fd, g
Fd , x) =
∑
γ∈Γ,γσ nonelliptic
vt(Ed, γσ, x).
Then it is enough to prove that
(7.6.14)
∫ d
0
(1 + 2t
∂
∂t
)
∫
Z
ht/d2(Ed, γσ, z)dz
dt
t
= O(e−cd).
Indeed, using Lemma 7.5.2 and by (7.5.3), there exists C > 0, c′ > 0, c′′ > 0
such that if d is large enough, 0 < t ≤ d, then
(7.6.15) |ht/d2(Fd, gFd , x)| ≤ C dim(Ed)e−c
′t exp(−c′′d2/t).
Recall that nλ = dimCNλ. By (7.2.32), there exists C0 > 0 such that
(7.6.16) dim(Ed) ≤ C0dnλ .
By (7.6.15), (7.6.16), we have
∣∣ ∫ 1
0
ht/d2(Fd, g
Fd , x)
dt
t
∣∣ ≤ Ce−c′′d2/2 dim(Ed)∫ 1
0
e−c
′′d2/2t dt
t
= O(e−cd),
∣∣ ∫ d
1
ht/d2(Fd, g
Fd , x)
dt
t
∣∣ ≤ Ce−c′′d dim(Ed)∫ d
1
e−c
′t dt
t
= O(e−cd).
(7.6.17)
By (7.6.15) - (7.6.17), we get (7.6.14). The equation (7.6.7) follows from (7.6.6).
This completes the proof of our proposition. 
By (1.8.29), σZ has different connected components, each component is also
a compact locally symmetric space associated with one elliptic class [γ]
σ
. Then
(7.6.6) says that only the components with the fundamental rank 1 contribute to
the leading terms of the asymptotics of Tσ(gTZ ,∇Fd,f , gFd) as d→ +∞.
Now suppose that E1σ 6= ∅. We use the notation of Subsection 7.2. As explained
in the end of Subsection 7.3, for each [γ]
σ
∈ E1σ, we fix g ∈ G, k ∈ K such that
k−1 = gγσ(g−1). Then put J (γ) = J (k−1). For j ∈ J (γ), let n(γσ), Rjγ,λ,
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rγ,j , ϕ
j
γ , e
j
γ,t, d
j
γ,t W
j
γσ be the ones associated with k
−1. By Lemma 7.3.2, these
quantities do not depend on the choice of g or k. Set
m(σ) = max{n(γσ) | [γ]
σ
∈ E1σ},
E1,maxσ = {[γ]σ ∈ E
1
σ | n(γσ) = m(σ)}.
(7.6.18)
Theorem 7.6.2. If E1σ 6= ∅, as d→ +∞,
d−m(σ)−1Tσ(gTZ ,∇Fd,f , gFd)
=
∑
[γ]
σ
∈E1,maxσ
Vol(Γ ∩ Zσ(γ)\X(γσ))
[ ∑
j∈J (γ)max
rdγ,jϕ
j
γ [W
j
γσ]
max
]
+O(1
d
).(7.6.19)
Proof. For [γ]
σ
∈ E1σ, γ is Cσ-conjugate to k−1. Then
Trs
[k−1σ][(NΛ·(T∗X) − m
2
)
exp(−tDX,Fd,2/2)]
= Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(−tDX,Fd,2/2)].(7.6.20)
If [γ]
σ
∈ E1σ, by Theorem 7.4.1 and by (7.6.12), (7.6.20), as d→ +∞, we have∫ 1
0
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
(1− tDX,Fd,2/2d2) exp(−tDX,Fd,2/4d2)]dt
t
= 2dn(γσ)+1
∑
j∈J (γ)max
rdγ,jϕ
j
γ
∫ 1
0
[djγ,t/4]
max dt
t
+O(dn(γσ)).
(7.6.21)
Note that∫ d
1
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
(1− t
2d2
DX,Fd,2) exp(− t
4d2
DX,Fd,2)
]dt
t
=
∫ d
1
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(− t
4d2
DX,Fd,2)
]dt
t
+ 2Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(− 1
4d
DX,Fd,2)
]
− 2Trs[γσ]
[(
NΛ
·(T∗X) − m
2
)
exp(− 1
4d2
DX,Fd,2)
]
.
(7.6.22)
Similarly, by (7.1.22), we have
(7.6.23)
∫ d
1
[djγ,t/4]
max dt
t
=
∫ d
1
[ejγ,t/4]
max dt
t
+ 2[ejγ,d/4]
max − 2[ejγ,1/4]max.
Also we have
(7.6.24)
∫ +∞
d
djγ,t/4
dt
t
= O(e−cd).
Combining (7.4.3) - (7.4.6) with (7.6.22) - (7.6.24), we get that as d→ +∞
d−n(γσ)−1
∫ d
1
Trs
[γσ]
[(
NΛ
·(T∗X) − m
2
)
(1− tDX,Fd,2/2d2) exp(−tDX,Fd,2/4d2)]dt
t
= 2
∑
j∈J (γ)max
rdγ,jϕ
j
γ
∫ +∞
1
[djγ,t/4]
max dt
t
+O(1
d
).
(7.6.25)
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By (7.3.5), (7.6.6), (7.6.18), (7.6.21), (7.6.25), we get (7.6.19). This completes the
proof of our theorem. 
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